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Abstract 

In this paper we establish new restrictions on symplectic embed- 
dings of certain convex domains into symplectic vector spaces. These 
restrictions are stronger than those implied by the Ekeland-Hofer ca- 
pacities. By refining an embedding technique due to Guth, we also 
show that they are sharp. 

1 Introduction and main results 

Consider M^" equipped with coordinates (xi, . . . , x„, yi, . . . , ?/„) and its stan- 
dard symplectic form coq = Y17=i^^i ^ ^et B^'^{R) denote the ball of 
radius R in M^". Gromov's Nonsqueezing Theorem states that there is no 
symplectic embedding of ^^"(l) into B^{R) x R2("-i) for < 1, [6]. The 
following analogous problem remains open. 

Question 1. What, if any, is the smallest value of R > such that there 
exists a symplectic embedding o/_B^(l) x R^("~^) into B^{R) x IR^^""^) ? 

Prior to the current paper, the most that could be said is that if such an 
emebedding exists, then R must be at least a/2. This bound is implied by 
the second Ekeland-Hofer capacity from 

In [7], L. Guth constructs new symplectic embeddings of polydiscs which 
represent a major breakthrough in our understanding of the following hounded 
version of Question 1. 

Question 2. What, if any, is the smallest value of R > such that there 
exists a symplectic embedding of B'^{1) x B'^^'^~^\S) into B^{R) x R2("-2) for 
arbitrarily large 5* > ? 
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Among other things, Guth's work settles the existence issue for this ques- 
tion. In this setting, the second Ekeland-Hofer capacity again imphes that 
R must be at least \/2. The following improvement of this bound is the main 
result of this paper. 

Theorem 1.1. For any < R < a/3 there are no symplectic embeddings of 
B^{1) X fi2(n-i)(5) ^nto B\R) X M2{n-2) y^/^g^ g sufficiently large. 

In fact we prove a slightly stronger result. For convenience, identify 
with C" using the complex coordinates zj = xj + iyj. Let 



E(l,5,...5)= (zi,...^„)eC" 



U |2 U |2 

Fil + + ■■■ + < i 

and denote by CP^(-R) the complex projective plane equipped with the sym- 
plectic form R^ujps where ujps is the standard Fubini-Study symplectic form. 

Theorem 1.2. For any < R < y/S there are no symplectic embeddings of 
E{1, S,...S) into CP^{R) X M2(n-2) ^^^^^ g sufficiently large. 



A brief outline of the proof. As in [B] , Theorem 11.21 is proved via an 
existence theorem for certain holomorphic curves. Suppose that for any 5* > 
there is a symplectic embedding <p{S) of E(l, S,...,S) into CP'^{R) x M2{n-2)_ 
It suffices to show that for every positive integer d < S/y^, there exists 
a holomorphic plane of degree d in the (negative) symplectic completion of 
(CP2(i?) xM2(n-2)) ^0(^(1^ 5, . . . , 5)) whose negative end covers the shortest 
simple Reeb orbit on the boundary of 0(i?(l, 5, . . . , 5*)) a total of 3(i — 1 
times. In particular, the symplectic area of such a curve is both positive and 
equal to dnR^ — (Be? — l)7r and so the existence of these curves implies that 
R^ > (?>d-l)/d for all > 0. 

To prove this existence result we use a cobordism argument to reduce it to 
an equivalent problem for curves in a four dimensional symplectic manifold. 
Starting with well known results concerning holomorphic spheres of degree 
d in CP^, we then settle this alternative existence problem using automatic 
regularity theorems, the compactness theorem for splittings from |2], and 
several new techniques, many of which involve families of holomorphic curves 



1) Before Guth's work it was commonly thought that the answer to Questions 1 and 2 
was that no such R exists. 
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with varying point constraints. (In fact, we prove the existence problem in 
dimension four first, and then we apply it in the manner described above.) 

Sharpness. We also prove that Theorem II. II is sharp in the following sense. 
Theorem 1.3. For any R > -\/3 there exist symplectic embeddings 0/5^(1) x 

into B\R) X M2(n-2) 

The proof of Theorem 11.31 involves a refinement of Guth's embedding proce- 
dure from [7]. 

Remark 1.4. We do not know whether there exists a symplectic embedding 

of 52(1) X 52("-l)(5) into B\^) X M2(n-2) g^ii ig^^gg ^_ 

1.1 A related result 

Our approach also allows us to settle the following related problem. 

Question 3. What are the smallest value of Ri < R2 for which there are 
symplectic embeddmgs of B\l) x S2("-i)(^) into B^R^) x B^{R2) x M2(n-2) 
for allS>0? 

More precisely, by compactifyng B^ (Ri) x B"^ {R2) to CP^{Ri) xCP^{R2), 
and replacing the study of holomorphic curves of high degree, say d, in CP^ 
by curves of degree {d, 1) in CP^ x CP^, an identical argument to the one 
used to prove Theorem 11.11 yields the following result. 

Theorem 1.5. If Ri < \/2 then there are no symplectic embeddings of 
fi2(i) X 52(n-i)(^) ^^^^ B\Ri) X B\R2) X M2(n-2) ^^^^^ g Sufficiently 

large. 

This restriction is again stronger than those imposed by the Ekeland- 
Hofer capacities which imply that no such embeddings exist, for large enough 
S > 0, when i?i < 1. Moreover, Guth's embedding results again imply (this 
time directly) that Theorem 11.51 is sharp in the following sense. 

Theorem 1.6. (I7j) For any R > \/2 there exist symplectic embeddings of 
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1.2 Organization 

The next section contains some background material and the proof of the 
crucial existence result, Theorem I2.16[ which concerns special holomorphic 
curves in certain four dimensional symplectic manifolds. Theorem ll.2l is then 
proved in Section 3. Our proof of Theorem 11.51 is completely similar and is 
thus omitted. In Section 4, we construct the embeddings of Theorems 11.31 
and ll.6[ 

1.3 Acknowledgement 

The authors would like to thank Dusa McDuff for some helpful comments 
and suggestions. 

2 Splitting holomorphic curves along the bound- 
ary of thin ellipsoids in CP^ 

Throughout this section we fix a real number R > 1 and a positive integer d. 
2.1 A moduli space of curves 

Let be the space of smooth almost-complex structures on CP^ which are 
tame with respect to the symplectic form ups (and hence R^ups)- For a fixed 
J 'm. J and an ordered collection of points pi, . . . ,Pm in CP^, we consider 
the moduh space A^rf(J, pi, . . . ,Pm) defined as 

{(/,(yi,...,yM)) GC°°(5^CP2)X(5^)^^ I a,J = 0, f{y.)=Pi, [f] = dL]/G, 

where (y, . . . Um) is an M-tuple of pairwise distinct points in 5*^, L is the class 
of a complex line in CP^ and G is the reparameterization group PSL(2,C). 
As is well known, see for example Section 7.4 of [16], for suitably generic 
J the space Aid{J,Pi, ■ ■ ■ ,Pm) is a smooth orientable manifold of dimension 
2{3d — 1 — M). We will also make use of the following refinement of this 
statement. 

Proposition 2.1. For generic J in J , the space Aid{J,Pi, ■ ■ ■ ,P3d-i) is a 
compact, zero- dimensional manifold which contains a fixed number, n^, of 
points, independently of J. 
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Proof. For suitably generic J, the moduli space Aid{J,Pi, ■ ■ ■ ,P3d-i) consists 
of immersed curves, that is, there are no singular curves or cusp curves. 
Thus the relevant Gromov-Witten invariant counting curves through the 3d— 
1 points is computed by looking at immersed curves, and if these curves 
are counted with multiplicity then the total is independent of J. On the 
other hand, the automatic regularity phenomena for holomorphic spheres in 
dimension four (see Lemma 3.3.3 of [TB]) implies that all such curves appear 
with the same multiplicity 1, and our conclusion follows. 



For a generic choice of J, A^d(J, pi, . . . ,^3^-2) is a two-dimensional man- 
ifold which can be compactified by adding finitely many cusp-curves that 
consist of the union of two holomorphic spheres each passing through a sub- 
set of the 3d — 2 points. In particular, if the points Pi, ■ ■ ■ ,P3d-2 are in 
generic position, then one does not need to add cusp-curves with more than 
two components, nor does one need to add multiply-covered curves. 

Proposition 2.2. For d > 2 and a generic choice of J and the point con- 
straints pi, . . . ,P3d-2, the moduli space Aid{J,Pi, ■ ■ ■ ,^3^-2) is connected. 

Proof. Lemma 2.3.3 of yields a version of automatic regularity for holo- 
morphic spheres of nonnegative index in a 4-manifold, which includes the 
possibility of singularities. In particular, the manifold J^d{J,Pi, ■ ■ ■ ,^3^-2) 
is diffeomorphic to AidihPi, ■ ■ ■ ,P3d-2), where i is the standard complex 
structure on CP^. Now, the space of all rational algebraic curves of degree d 
in CP^ is dominated by an open set of triples of homogeneous polynomials 
on CP^ and so is irreducible. Sets of curves through 3d — 1 points are given 
by intersecting this variety with an appropriate plane. It then follows from 
the Uniform Position Principle that any two such curves can be connected 
with curves passing through any subset of 3(i — 2 points, see Appendix E of 
[8] . But any two curves of degree d > 2 have d"^ > 3d — 1 points in common 
and so the conclusion follows. 



□ 



□ 



2.2 A thin ellipsoid 

For a < b, let E{a, h) denote the elhpsoid 
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If |j G M \ Q, then the standard Liouville form on restricts to dE{a, b) 
as a contact form aE{a,b) which has exactly two simple Reeb orbits, 71 and 
72, which lie in the planes {z2 = 0} and {zi = 0}, respectively. The action 
of 7i is vra^ and the action of 72 is 7cb^. The Conley-Zehnder indices of these 
orbits, with respect to the natural trivialization of the zi and Z2 coordinate 

planes, are given by /i(7i) = 3 and /i(72) = 2 + 2 ^ +1. More generally, if 

(r) 

7j- is the r-fold cover of 7^, then we have 



and 



2r + 2 



2r + 2 



ra 
rb"^ 



+ 1 



+ 1. 



(1) 



(2) 



These trivialization along closed Reeb orbits will be used throughout, see 
Remark 12.51 below. 

It follows from Theorem 2 of [18] that for 5" > \/2 the ellipsoid E{1/ S^l) 
can be symplectically embedded into the interior of -B^(l) and hence CP'^{R). 
For a fixed degree d we now fix such an embedding of E{l/S, 1) for an 5* 
satisfying 

S > Vsd. (3) 

In what follows, we will denote E{l/S, 1) by E and will identify E with its 
image in CP^(-R). 



2.3 Splitting curves in CP^ along dE 

In this section we recall from [2] the structure of the limits of holomorphic 
spheres in CP^ as one splits this manifold {stretches the neck) along the 
boundary of the embedded ellipsoid E. 

Let X be the vector field defined near dE as the symplectic dual of 
the Liouville form. An almost-complex structure J on CP^ is said to be 
compatible with E if the contact structure {oe = 0} on dE is equal to 
T{dE) f] JT{dE), and JX is equal to the Reeb vector field of aE- Denote 
by JIe the set oi J & J which are compatible with E. 

For every natural number G N, the union of the three pieces 

(E, e-^uo) , {BE X [-iV, Nl d{e^aE)) , and (CP^ \ E, c^oofs) , 
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attached along their appropriate boundary components, is a symplectic man- 
ifold ((CP^)^, ijJps)- For a J in JTe, let be the continuous almost-complex 
structure on (CP^)^ which equals J on the disjoint union of (CP^ \ E) and 
E, and is translation invariant on dE x [— A^, A^]. To make each of the 
smooth one must perturb J near dE. As noted in §3.4 of |2], the choice of 
this perturbation is irrelevant for the compactness theorem below. Accord- 
ingly, we will henceforth assume that this choice has been made, and that 
the almost-complex structures are smooth. 

Fix points pi, ■ ■ ■ ,Pm m E C CP^ and consider a sequence Cat in the 
space A4d{J^ ,Pi, ■ ■ ■ ,Pm)- Fix a representative curve /n for each Cn- The 
following compactness theorem is proved by Bourgeois, Eliashberg, Hofer, 
Wysocki and Zehnder in 

Theorem 2.3. (Theorem 10.6 of 12]) There exists a subsequence of the 
which converges to a holomorphic building, F. 

We now describe the relevant aspects of this theorem starting with the 
structure of the limiting building F. The reader is referred to [2] for the 
precise definitions, statements and proofs of the general compactness theorem 
for holomorphic curves under splittings. 

2.3.1 The limits 

We begin by describing a holomorphic building F which arises as the limit 
of a subsequence of the curves /at. The domain of F is a nodal Riemann 
sphere {S,j) with punctures. The building F then consists of a collection of 
finite energy holomorphic maps from the collection of punctured spheres of 
S \ {nodes} to one of the following three symplectic manifolds: 

• [E^, u^) = (P, coo) U {dE X [0, oo), d{e-aE)) , 

• {SE,use) = {dE X R,d{e^aE)) , 

• ((CP2 \ P)^, = (CP2 \ P, ujfs) U {dE x (-oo, 0],d{e^aE)) ■ 

More precisely, these target manifolds are equipped with the almost-complex 
structures which are induced by J and are translation invariant on the subsets 
which are cylinders over dE. The curves of F are then holomorphic with 
respect to these almost-complex structures and the complex structures on 
the punctured spheres induced by the structure j on S. 
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Since each curve of F has finite energy, they are all asymptotically cylin- 
drical near each puncture, to some multiple of either 71 or 72. If F is a curve 
of F with image in (CP^ \ E)'^, then the punctures in its domain are all 
negative, i.e as 2; G 5^ approaches a puncture on the domain of F, F{z) 
takes values in dE x (—00, 0] and its (—00, 0]-component converges to —00. 
Similarly, each curve of F with image in E"^ has only positive punctures, 
and curves of F with image in SE have both negative and positive punctures 
(but not only negative punctures). 

The limiting building F is also equipped with a level structure. For a 
building F of level k, this structure is encoded by a labeling of the punctured 
Riemann spheres of iS \ {nodes} by integers from to /c + 1, called levels, 
such that the levels of two components which share a node, differ at most 
by 1. Let Sr denote the union of components of level r and denote by Vr 
the holomorphic curve of F with (possibly disconnected) domain Sr. Then 
vq-.So^ E^, Vr-.Sr^ SE, foT 1 < r < k, and Vk+i : Sk+i (CP^ \ E)^. 
Moreover, each node shared by Sr and Sr+i is a positive puncture for Vr and 
a negative puncture for Vr+i, each asymptotic to the same Reeb orbit. As 
well, Vr extends continuously across each node within Sr. 

Lastly, we recall that the curves of F have two collective properties. The 
first of these is the fact that the sum, over components, of their virtual 
indices (see below) is equal to 2{3d — 1 — M), the deformation index of the 
curves /at. To state the second collective property, we must first recall the 
definition of a compactif cation of a curve of F. This definition depends on 
the target of the curve. For a curve G of F with image in SE = dE x M 
one can write G = {g, a) where g maps the domain of G to dE. The map 
g then extends to a continuous map G, the compactification of G, which 
takes the oriented blow-up of the domain of G to dE such that the circle 
corresponding to each puncture is mapped to the closed Reeb orbit on dE 
which determines the asymptotic behavior of G near that puncture, (see 
Proposition 5.10 of [2]). Let P be a curve of F with image in (CP^ \ 
P)!°. As described in Section 3.2 of [2], one can identify (CP^ \ P)~ with 
CP^ \ E via a diffeomorphism \E'_ which is the identity map away from an 
arbitrarily small tubular neighborhood of 9(CP^ \ E) in CP^ \ E. One can 
then extend the map \E'_ o P to a smooth map P which takes the oriented 
blow-up of the domain of P to CP^ \ E such that each boundary circle 
goes to the appropriate closed Reeb orbit. A choice of this extension P is a 
compactification of P. Similarly, for a curve P of F with image in P^, one 
can use a diffeomorphism \E'_|_ : P^ — )■ P \ dE to define a compactification H 
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of as a smooth extension of "^^oH which takes the oriented blow-up of the 
domain of H to E, and again takes each boundary circle to the corresponding 
closed Reeb orbit on dE. If one fixes a compactification for each of the 
curves in F, then these maps must fit together to form a continuous map 
F: CP\ 

2.3.2 The convergence 

Let F be a holomorphic building of level k, as above, whose domain is the 
Riemann surface with nodes {S,j). If F is the limit of the holomorphic 
spheres in the sense of [2], then there exist maps ctn : S"^ S and 
sequences G M, r = 1, . . . , fc, such that: 

(i) . The (Ttv are diffeomorphisms except that they may collapse a finite 

collection of circles in S"^ to nodes in S. Moreover, cttv*^ converges to 
j away from the nodes of S, where i is the standard complex structure 
on S\ 

(ii) . The sequences of maps /n ° cr^^ '■ <So E^ and o : Sk+i 

(CP^ \ E)'^ converge in the C^'^^-topology to the maps vq and Vk+i, 
respectively. For 1 < r < k the maps ip'^N o o a]^^ : Sr — )■ SE 
converge to Vr in the Cj'^-topology where ip^^'^ is the diffeomorphism of 
SE = dE X M which translates the R-component by s^. 

Here, as is necessary, we are identifying dE x {—N, N) C (CP^)^ with 
an increasing sequence of domains in SE, EUdE x (— A^, A^) C (CP^)^ with 
an increasing sequence of domains in i?^, and CP^ \ E U dE x (— A^, A^] c 
(CP^)^ with an increasing sequence of domains in (CP^ \ E)°°. 

2.4 Finer restrictions on limiting holomorphic build- 
ings 

When the number of point constraints M is equal to 3(i — 1, one can use the 
special nature of the Reeb flow of a^; on dE, together with the regularity 
results of Dragnev from [3], to obtain more restrictions on the curves com- 
prising our limiting holomorphic buildings. Throughout this section we will 
consider curves of a limiting building which have connected domains. 
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Proposition 2.4. Let F be a holomorphic building which is the limit of a 
sequence of curves /at representing classes in Aid{J^ ,pi, ■ ■ ■ ,p3d-i)- For a 
generic choice of J in Je and the constraint points pi, . . . ,P3d-i we have: 

(i). The curves in F whose image lies in (CP^ \ E)"^ are somewhere in- 
jective, regular, and have deformation index equal to zero. Their (neg- 
ative) ends are all asymptotic to multiples 0/71. 

(a). The curves in F whose image lies in SE are all multiple covers of 
holomorphic cylinders over'ji, and they have virtual index zero. 

(Hi). The curves in F whose image lies in E°^ are somewhere injective, reg- 
ular, and have deformation index equal to zero (with the point con- 
straints). Their (positive) ends are all asymptotic to multiples 0/71. 

Proof. By [3], we may choose J in J'e so that the corresponding almost- 
complex structures on (CP^\i?)5^, SE, and E^ are regular in the sense that 
for all somewhere injective curves which have finite energy and genus zero, 
the deformation index of the curve is equal to its virtual index. We choose the 
points pi, . . . , pzd-i so that they are in general position, as constraints, for the 
spaces Aid{J^ ,Pi, ■ ■ ■ ,P3d-i) as well as for the moduli spaces of somewhere 
injective finite energy pseudo- holomorphic curves of genus zero in E'^. 

Consider a curve F of F with image in (CP^ E)'^. Suppose that F 
has Si negative ends asymptotic to multiples of 71, and negative ends 
asymptotic to multiples of 72. If the i^^ negative end covering 71 does so a~ 
times, and the i^^ negative end covering 72 does so b~ times, then the virtual 
deformation index of F is 

index(P) = (-1)(2 - - ^2 ) + 2ci(P) - X^/i(7i"'^) - XI/i(7f^ 

i=l 1=1 

Remark 2.5. The index formulas used in this paper all involve Chern num- 
bers of the finite energy curves. Finite energy curves do not give closed 
cycles in the ambient manifold, say X, however they are asymptotic at their 
ends to periodic orbits of Reeb fiows and so can be compactified to give 
2-dimensional cycles with boundary, which can always be perturbed to be 
defined by immersions. The definition of the Chern number depends upon 
a choice of trivialization of TX along this boundary, and that trivialization 
must of course be compatible with the one used in Section 12.21 to define our 
Conley-Zehnder indices. 
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To be precise, in all cases considered in this paper our Reeb orbits 7 will lie 
in the boundary of an ellipsoid in C". Thus we have a standard symplectic 
trivialization of T{X)\^ coming from restriction of the standard trivialization 
on C^. The action of the derivative of the Reeb flow (extended to act trivially 
on the normal vector to dE\^) induces a family of symplectomorphisms rjt e 
S7/mp(C") for < t < L, where L is the length of the Reeb orbit. We then 
define /i(7) following [T7], as was done above in Section fI7I\ Suppose that 
X has real dimension 2n and is equipped with an almost-complex structure 
J. The determinant line bundle A'^{X, J) has a standard section S over E, 
again using our trivialization. In the above formula ci{F) can be defined to 
be the number of zeros (counted with multiplicity) of a section of A"(X, J)\p 
which agrees with S over 7. 

When applied to finite energy curves lying in E°^ or SE these choices im- 
ply automatically that the Chern numbers vanish. For curves lying in {X \ 
E)'^ the Chern number is the same as the usual Chern number, (ci(X, J), [F]), 
where [F] is the homology class represented by the cycle F formed by gluing 
the appropriate discs in E to the compactification of F. In the case when 
X = CP^, by Poincare duality this is just 3 times the intersection number 
of F with the line at infinity in the complex projective space. 

By the iteration formulas ([1]) and ([2]) , the index formula above simplifies 

to 

index(F) = -2 + 2c,iF)-2j2ia7+[ar/S'\)-2j2iK+lKS'\). (4) 

i=l i=l 

As described above, the Chern number Ci{F) is equal to three times the 
intersection number of F with the line at infinity. But by positivity of in- 
tersection this intersection number is bounded above for each component by 
the intersection number of degree d curves with the line at infinity. Hence, 
Ci{F) is at most 3d, the Chern class of degree d curves in CP^. As well, the 
bound on S from implies that [b^S'^\ > b~3d, and so 

index(P) < -2 + 6rf - 2 ^ a" - (2 + 6d) ^ br . 

1=1 i=l 

Together with (jl]), this expression leads immediately to the following result. 
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Lemma 2.6. // a holomorphic curve FofF with image in (CP^ \ E)'^ has 

nonnegative virtual index, then ci(F) > 0, = and Yll=i(h — 3(i — 1. 
Moreover, 

«r 

mdex(F) = -2 + 2ci(F) - 2 ^ a^. 

1=1 

The Fredholm theory gives regularity for somewhere injective curves with 
respect to generic almost-complex structures. We will need the following 
proposition to describe possible finite energy curves which are not somewhere 
injective. 

Proposition 2.7. Let X be a symplectic manifold perhaps having cylindri- 
cal ends and equipped with a compatible almost- complex structure as described 
above. A finite energy holomorphic curve u : ^ X is either somewhere in- 
jective or there exists a proper holomorphic map : S — )■ S' and a somewhere 
injective curve m' : S' — )■ X such that u = u' o (p. 

Proof. This follows almost exactly as in the case of closed holomorphic curves, 
see for example [16], Proposition 2.5.1, at least if we assume that the Reeb 
flow is nondegenerate. Then our finite energy curves converge asymptotically 
to cylinders over closed Reeb orbits and in particular have only finitely many 
critical points, see [TT] . The proof has already been adapted to finite energy 
planes in [12], Theorem 6.2, in which case the map (p is shown to be poly- 
nomial. At least in the nondegenerate case this proof applies equally well to 
finite energy curves with multiple ends and perhaps higher genus (although 
of course in the higher genus case may not necessarily be polynomial). □ 

In the situation at hand we may therefore suppose that F is an r-fold cover 
of a simple curve F. It follows from the regularity of J, that index(F) > 0. 

Lemma [2^6] then implies that Ci(F) > 0, = 0, ^^ii a~ <3d — 1, and 
index(F) = -2 + 2ci(F) - 2 ^ Sr. 

i=l 

Hence, for F we have = and 

index(F) > -2 + r(index(F) + 2) > 0. 

Thus, the hypothesis of Lemma 12.61 also holds for each curve 
image in (CP^ \ E)°° and we have 



(5) 

P of F with 
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Lemma 2.8. Let F be a curve of F with image in (CP^ \ E)'^ . Then 
ci{F) > and the ends of F are all asymptotic to some multiple 0/71 and 
cover 7i at most 3d — 1 times. The virtual index of F is nonnegative and is 
strictly positive when F is a multiple cover. 

Now consider a curve G of F whose image lies in the symplectization SE. 
Since none of the curves of F in (CP^ \ E)'^ have negative ends asymptotic 
to multiples of 72, it follows from the existence of the map F that, at least 
if G is of the top level k, the positive ends of G can only be asymptotic to 
multiples of 71. Suppose that G has sf such ends, and that the i*'* one covers 
71 a total of aj' times. As established above, each curve of F in (CP^ \ E)'^ 
has at most 3d — 1 negative ends when counted with multiplicity, and there 
are at most d such curves since each one has a positive Chern number. Hence 



Suppose that G has s]~ negative ends asymptotic to multiples of 71 with 
the i^^ such end covering this orbit b~ times, and G has negative ends 
asymptotic to multiples of 72 with the z*'^ such end covering 72 a total of 
times. Then, by Stokes' Theorem we have 




(6) 



< 





s 



) 




) 



TT 



1=1 i=l 




i=l 



i=l 




i=l 



Our choice of S satisfying implies that 




i=l 
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and so S2 =0. Integrating das over G once again, we now have 

f2^t-J2^7>0. (7) 

i=l i=l 

Hence the total number of positive ends of G is no less than the total number 
of its negative ends and by ([6]) and ([7]) we have 

index(G) = -2 + st-s^ + J2^^il't'^)-f2^'(^l^^) 

1=1 1=1 

= -2 + 2st + 2 f^i^^t + [at/S'\ )-2j2iK+ [K/S'\ ) 

i=l i=l 

= 2(.+ -l) + 2[x^a+-f]6r j 

\i=l 1=1 I 

> 0. 

Hence, the virtual index of G is strictly positive unless = 1 and YliLi o-f = 

Ylt=i K ■ This condition is equivalent to the curve being a multiple cover of 
a cylinder over 71. As G has no negative ends asymptotic to 72 then same 
conclusions apply by induction to lower level curves mapping to SE. To 
summarize, we have 

Lemma 2.9. Let G be a curve of F with image in the symplectization SE. 
The positive and negative ends of G are all asymptotic to some multiple of 
7i and the positive ends cover 71 at least as many times as the negative ends. 
The virtual index of G is nonnegative and is strictly positive unless G has 
one positive end and is a multiple cover of a cylinder over 71 . 

Finally, we consider a curve if of F whose image is in i?^. Our analysis of 
the curves G above implies that none of the positive ends of H are asymptotic 
to multiples of 72. Suppose that H has sf positive ends asymptotic to 
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multiples of 71 with the i*^ such end covering this orbit times. Then 

mdex{H) = (-l)(2-s+) + ^/x(7f»^) + -2M 

i=l 

s+ 

^ _2 + 2st-2M + 2f2{bt+lbt/S'l) 

i=l 

where M < 3d—l is the number of point constraints achieved by the curve H. 
The fact that the negative ends of the collection of curves of F in (CP^ ^E)'^ 
cover 7i at most d{3d — 1) times, together with the fact that positive ends 
of the curves in SE cover 71 at least as many times as their negative ends, 
implies that 

J2K<d{Sd-l). (8) 
1=1 

Hence 

s+ 

index(ii") = -2 + 2s^ - 2M + 2 ^ 6+ (9) 

1=1 

Arguing as above, the curve H can be realized as an r-fold cover of a 
somewhere injective curve H with the same point constraints. By regularity 

index(#) = -2 + 25+ - 2M + 2 ^ 6+ > 0. (10) 

i=l 

Since YllLi bt — r Yllti bf and s'l > s'l, we then have 

index(//) > index(//) + (r - 1)2 ^ 6+ > 0. (11) 

i=l 

Lemma 2.10. Let H he a curve of F with image in E^. The positive 
ends of H are asymptotic to some multiple 0/71. The virtual index of H is 
nonnegative and is strictly positive if H is multiply covered. 

Note that the deformation index of the curves in Aid^J^ ,pi, . . . ,P3d-i) 
is zero, and so the sum of the virtual indices of the curves of F is also zero. 
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It follows from Lemmas 12.81 12.91 and 12.101 that every curve of F must have 
virtual index zero. The same three lemmas then yield the three statements 
of Proposition 12.41 

□ 

Remark 2.11. The third statement of Proposition 12.41 implies that the 
curves in F with image in E'^ must each pass through at least one of the 
point constraints. In particular, these curves are regular with deformation 
index equal to zero, and unconstrained regular curves must have deforma- 
tion index at least two. More generally, curves in E^ asymptotic to 7[ have 
an unconstrained index 2r and so must pass through at least r of the point 
constraints. 

For any integer / > 0, one can symplectically embed / disjoint balls of 
radius one into the ellipsoid E{l,\/l), [20]. Hence, for S satisfying ([3]), we 
may assume that the points Pi, ■ ■ ■ ,P3d-i lie at the center of disjoint balls 
in E = E{l/S,l) which have radii slightly less than 1/5* and whose clo- 
sures lie in the interior of E. Let J G J^e be an almost-complex structure 
which agrees with the standard complex structure in the balls around the 
points Pi, and induces almost-complex structures on (CP^ \ SE, and 

E^ which are regular for somewhere injective, finite energy curves of genus 
zero. Consider again a sequence of curves Jn which represent classes in 
■Md{J^ ,Pi, ■ ■ ■ ,P3d-i) and converge, in the sense of 0, to a holomorphic 
building F. For this new choice of J we get the following refinements of 
Proposition 12.41 

Lemma 2.12. With J as above, there is exactly one curve of F whose im- 
age lies in (CP^ \ E)'^ . It has exactly 3d — 1 negative ends when counted 
with multiplicity. Moreover, the curves of F with image in SE each have 
exactly one positive puncture and the curves of F with image in E'^ are all 
holomorphic planes. 

Proof. We first show that the negative ends of the curves of F with image in 
(CP^ \E)^ cover 71 at least 3d — l times. Let Ge be the collection of curves 
of F with images in either SE or E'^ . Denote by G^; the map to E formed by 
fitting together the compactifications of the curves of G^;. By the existence 
of the map F : S*^ — ?■ CP^, the ends of G^; cover 71 the same number of times, 
say r, as the curves of F with image in (CP^ Now, the symplectic area 

of Ge is rT[ / S"^. On the other hand, since the compactifications of curves E'^ 
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are holomorphic away from dE, the monotonicity theorem and our choice of 
J imply that the intersections of Ge with the balls centered at the points pj 
have symplectic area arbitrarily close to Hence, r > 3d — 1. 

So, the curves of F with image in (CP^ \ -E)!^' have a total Chern number 
of 3d and, collectively, their negative ends cover 71 at least 3d — 1 times. As 
shown in the proof of Proposition 12.41 the deformation index of a curve F in 
F whose image lies in (CP^ \ E)'^ is given by 

«r 

index(P) = -2 + 2ci(P) - 2 ^ a^. 

where represents the number of negative ends and a~ is the number of 
times the i^^ negative end covers 71. If there are K such curves, then their 
total deformation index is at most 

-2K + 2{3d) - 2{3d - 1) = -2K + 2. 

Since the total index must be nonnegative we have K = 1. Hence, there is 
exactly one curve, say F, of F in (CP^ \ E)'^, and F has index zero and 
exactly 3d — 1 negative ends, when counted with multiplicity. 

The remaining statements of Lemma 12.121 follows easily from the first as 
P is a limit of genus curves. 

□ 

2.5 Holomorphic curves with varying point constaints 

In this section we prove two results involving families of (moduli spaces of) 
curves with varying point constraints. Let Pi{t) be a set of paths in E for 
1 < i < 3rf - 1 and < t < 1. For each iV e N set 

ATn = {C\C e 7W,(J^,pi(t), . . .,P3d-i{t)) for some t G [0, 1]}, 

where is the almost-complex structure on {{CP^)'^ ,Upg) defined by J G 
J7e in the manner described in Section 12.31 

Proposition 2.13. For a given fixed N and almost- complex structure J G 
J'e, there exists an open, dense set of paths Pi{t) for which the moduli spaces 
JVn are compact 1- dimensional manifolds and the natural projection onto 
[0, 1] is a covering map of degree n^. 
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Proof. The set of nonimmersed curves is closed, and nonempty only with 
respect to a codimension 2 collection of point constraints. Therefore for an 
open dense set of paths we may assume that all curves in A/at are immersed. 
Automatic regularity for holomorphic spheres in dimension four, see Lemma 
3.3.3 of [16], implies that immersed spheres with nonnegative virtual defor- 
mation index are in fact regular. The same is true for moduli spaces of 
curves satisfying point constraints, as can be seen by identifying curves pass- 
ing through the points with unconstrained curves in a suitable blow-up at 
the points. Alternatively, and more directly, we can apply Theorem 4.5.3 of 
[T9] which gives regularity for all curves in a generic path. 

□ 

The following result will be used several times in the proof of Theorem 11.11 

Proposition 2.14. For a suitable choice of almost- complex structure J e 
J'e, and for a generic family of paths Pi(t), the conclusions of Proposition 
\2.13\ hold for all N. Further, let fNit), fort G [0, 1], be a generic 1-parameter 
family of curves representing a component ofAf^- If the subsequences /at (0) 
and fNji^) both converge, then the top level curves of the two corresponding 
limiting holomorphic buildings, that is the curves which map into {CP'^\E)°^ , 
have identical images. 

Proof. We begin by describing our choice of generic data. We choose J e JJe 
so that the corresponding limiting almost-complex structures on [CP"^ \ E)'^ 
and E'^ are regular for somewhere injective finite energy pseudo-holomorphic 
curves of genus zero. We then choose the paths pi{t) so that the moduli spaces 
A/tv are all regular. It follows from Proposition I2.13[ that this corresponds to 
choosing the paths Pi{t) from a countable, over A^, intersection of open dense 
subsets of families of paths. We then restrict the choice of paths again so 
that for all t G [0,1] the points Pi{t) are in general position, as constraints, for 
the moduli spaces of somewhere injective finite energy pseudo-holomorphic 
curves of genus zero in E"^. We note that the relevant moduli spaces of 
curves in E'^ have even unconstrained indices. Therefore the general position 
condition can be stated equivalently as follows, we require that for any t e 
[0, 1] and any finite energy curve in E^ of genus zero and deformation index 
2k, the curve passes through at most k of the {pi{t)}. 

We now verify that this last condition is also generic, that is, is satisfied 
by families of 3(i — 1 paths in an open, dense subset of the space of all such 
families of paths. Since finite intersections of dense open sets are dense and 
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open, it suffices to show that there is an open dense set of paths {pi(t)}j=i^ 
such that no genus finite energy curve in E'^ of index 2k passes through 
all Pi{t) for any t. Consider a moduli space B of such curves. There is a 
smooth evaluation map B'^'^^ x [0, 1] — )■ E'^'^^ x [0, 1] acting trivially on the 
second factor, where B''^^ denotes the corresponding moduli space of curves 
equipped with k + l marked points and E'''^^ is k + 1 copies of E. Now, 
^k+i j^g^g dimension 2k + 2{k + 1) while E^~^^ has dimension 4(/c + 1). Thus 
by Sard's theorem the image misses a generic submanifold of codimension 
2k + 2{k + 1) + 1 + 1, that is, dimension 1. Thus an open, dense set of paths 
{pi{t), . . . ,pk+i(t),t) will avoid the image of the evaluation map, which is the 
same as saying that no curve in the moduli space will pass through all of the 
points, for any t. 

With these choices in place, the conclusions of Proposition 12.41 hold for 
any holomorphic building which arises as the limit of a subsequence of curves 
the form /Ar(tAr). Assume now that the top level curves of the limiting 
buildings for fNj{0) and fNj{^) have distinct images. Below, we derive from 
this assumption the existence of a subsequence of curves of the form fN(tN) 
that converges to a holomorphic building with a top level curve of virtual 
index greater than zero. This will contradict the first assertion of Proposition 



It follows from our choice of J that every finite energy J-holomorphic 
curve in (CP^ \ E)°° with genus zero and virtual index zero is regular. 
(For this, we recall from equation O that for regular J any curve which is a 
nontrivial multiple cover necessarily has deformation index at least 2.) Hence 
there are only finitely many images of such curves of degree bounded by d, 
say Ji, . . . ,/;. Set 



By the unique continuation principle, Ji, . . . , J; are distinct compact subsets 
of CP2 X E. 

Let Fq and Fi be the hmiting buildings of fjy. (0) and /^r (1), respectively. 
The first statement of Proposition 12.41 implies that the top levels curves of 
Fq and Fi are all somewhere injective finite energy curves of genus zero with 
image in (CP^ \ i?)!^. By our assumption, the intersections of the images 
of these top level curves with CP^ \ E are distinct subsets, say Xq and Ii, 
of {Ji, . . . , J/}. Fixing a metric on CP^ \ E we consider the correspond- 
ing Hausdorff metric on compact subsets of CP^ \ E. For large j, the sets 



in 
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fN,{t){S^) n (^CP2 \ Ej are arbitrarily close to Xq for t near zero, and arbi- 
trarily close to Xi for t near one. Since Xq 7^ Xi, we can then choose, for all 
large j, a time such that fNjitNj){S'^) H ^CP^ \ is a fixed distance, 

say e > 0, from lJi=i ^i- Passing to a subsequence, if necessary, we may then 
assume that the t^^ converge to some too ^ [0, 1] and that fNjitNj) converges 
to a holomorphic building, Fqo- By the choice of the Nj, the images of the 
curves of Y^a with target (CP^ ^ E)'^ intersect CP^ \ ii^ in a set whose dis- 
tance from U'^^/j is at least e. Hence, at least one of the curves of F^o with 
image in (CP^ E)°^ is not rigid and so has virtual index at least 2. This is 
the desired contradiction of Proposition 12.41 

□ 

Remark 2.15. The above proof gives the following information on the im- 
ages of the fN^t) which is a convenient way to apply Proposition 12.141 Let 
K C (CP^ \ E)'^ he a. compact subset with smooth boundary dK such that 
the limiting component of the fNj{0) in (CP^ \ E)'^, say F, intersects dK 
transversally. Define D = F^^{K) and Dj{t) = f]y.{t)~^{K). Then given 
any e > and sequence tj E [0, 1] there exists a jo such that if j > jo then 
there is a diffeomorphism gj : D Dj such that fNjitj) ° Qj is e close to F 
in a C°°-norm. (We can define this norm by fixing metrics on D and K.) 

Indeed, if the fNj{tj) converge to a building with top level component 
identical to F then we can take the Qj to be a small perturbation of the maps 
(T^^ implicit in the definition of convergence in Section 12.3.21 We notice that 
if /at. o aZ^ is sufficiently C°° close to F and F intersects dK transversally 
then by the implicit function theorem /jv^ ^o'n^ can be slightly perturbed such 
that the preimage of dK coincides with that of F. On the other hand, if the 
fNj (tj) do not converge to a building with top level component identical to F 
then after taking a subsequence we will derive a contradiction to Proposition 

EH 

2.6 Holomorphic planes away from E 

The key to the proof of Theorem 11.11 is the following existence result. 

Theorem 2.16. For any integer d > 1 and a suitable choice of almost- 
complex structure J G J^e, there exists a regular, finite energy holomorphic 
plane of degree d in (CP^ \E)°^ whose negative end covers the periodic orbit 
7i precisely 3d — 1 times. 
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Here, as before, E is the (the image of the) elhpsoid E{l/S, 1) and we assume 
that S > \/3d. 

Remark 2.17. Our proof of this theorem is quite lengthy. The equivalent 
result for embeddings of E into S'^ x S"^ is that there exists a finite energy 
plane in (S"^ x S"^ \ E)"!" whose negative end covers 71 precisely 2d + l times, 
and gluing a 2d + 1 times cover of the disk {z2 = 0} fl to the plane 
produces a homology class {d,l). This turns out to have a simpler proof. 
On the one hand, the fact that the corresponding Gromov-Witten invariant 
for holomorphic spheres in the class {d, 1) through 2d + 1 points is 1 allows 
a proof as described in [9]. Alternatively, the fact that such spheres are all 
embedded allows an application of Embedded Contact Homology, see [H], 
[15]. The index formulas in ECH imply immediately that when we stretch 
the neck there can only be a single component in (5*^ x S*^ \ E)°^, and it 
has a single negative end. Unfortunately degree d curves in CP^ are not 
embedded, and neither is the relevent Gromov-Witten invariant equal to 1. 
Thus we were led to follow the argument described below. 

The rest of this section is devoted to the proof of Theorem 12. 161 We begin 
by fixing points Pi, ■ ■ ■ ,P3d-i in £^ C CP^ and an almost-complex structure 
J G JTe as in Lemma 12.121 In particular, we assume that J agrees with the 
standard complex structure in 3(i — 1 disjoint Darboux balls of radius slightly 
less than 1/5* which are contained in E and centered around the points pi. 
We also assume that J induces almost-complex structures on (CP^ \ E)°^, 
SE, and E'^ which are regular for somewhere injective, finite energy curves 
of genus zero. 

Consider the set of holomorphic buildings which occur as the limit of a 
sequence of curves representing classes in the spaces J^d{J^ ,Pi, ■ ■ ■ ,P3d-i)- 
By Lemma 12.121 these limit buildings each have a single curve with image in 
(CP^ \ E)'^ and the negative ends of this curve cover 71 a total of 3(i — 1 
times. Let m be the maximum number of times a single negative end of one 
of these limit curves in (CP^ \ E)'^ covers 71. To prove Theorem 12.161 it 
suffices to show that m = 3d — 1. 

We will start by showing that m > 1. Arguing by contradiction, we 
will then assume that m G (1, 3d — 1) and derive some consequences of this 
assumption on the curves of our limit buildings, expressed in the language of 
partitions. Ultimately, we derive a contradiction from these consequences by 
using them to detect a limit building whose curve with image in (CP^ \ 
has a negative end which covers 71 at least m + 1 times. 
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Proposition 2.18. m > 1. 

Proof. Assume that this is false and that for any limit F, as above, the unique 
curve F of F in (CP^ \E)'^ has precisely 3d — l negative ends each of which 
covers 71 once. By Lemma 12.121 these limits each have precisely 3d — 1 
planar curves with image in E'^, and by Remark 12.111 each of these curves 
passes through exactly one of the point constraints. Asymptotic convergence 
to a cylinder over the Reeb orbit implies that we can find a closed subset 
K e (CP^ \ E)'^ such that F'^K) is topologically a sphere with 3d - 1 
open disks removed. 

For each A^, we take a family of paths Pi{t) in E with pi{0) = Pi and 
Pi{l) = p for all i, where p is in i?. We cannot guarantee that the families of 
point constraints {pi(t),t G [0, 1]} are generic in the sense of Proposition [2T3l 
Indeed, the moduli space of degree d curves passing through the Pi{l) = p 
has high dimension. Nevertheless, we may choose the families {pi{t),t < 1} 
generically so that as in Proposition 12.131 there exist corresponding families 
of curves /Ar(t), for < t < 1, which pass through the points pi(t) and 
satisfy /Ar(0) = /at. A limit may not exist as t — > 1. However by Gromov 
compactness there exists a sequence — )■ 1 such that the curves /Ar(ti) 
converge. The limit is a possibly nodal J^-holomorphic sphere g^: S ^ CP^ 
of degree d with 3d — 1-marked points yi, . . . , ysd-i mapping to p. 

Remark 2.19. If we think in terms of stable holomorphic maps from Rie- 
mann surfaces with marked points, the limiting curve qn here could certainly 
include ghost bubble components mapping onto p. For example, in the case 
of degree d = 1 and points Piit) and ^2(^)5 after perhaps taking a subsequence 
curves f(t) : (5*^, 2/2) ~^ (CP^,Pi(t),P2(^)) in the homology class of a line 
will converge to a nodal curve consisting of a degree 1 curve through the 
point p and a ghost bubble containing the marked points yi and 7/2. Which 
nontrivial curve arises in the limit depends upon the (complex) angle of ap- 
proach of pi(t) and P2(t) to p in our subsequence. More precisely, there is a 
2-parameter family of degree 1 curves in CP^ passing through p, parameter- 
ized by their tangent plane in TpCP^, that is, by a CP^. If we fix pi{t) = p 
and choose P2it) to converge when lifted to the blow-up of CP^ at the point 
p, then the tangency of the limit is determined by the limit of the P2{t) in 
the exceptional divisor. 

We do not aim to specify the limit precisely, but for our fixed A^ and 
any suitable sequence — )• 1 we make the following claim. 
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Claim 2.20. The complement of gJj^{K) does not have 3(i — 1 separate com- 
ponents each containing a marked point. ( Component here is meant topolog- 
ically, it does not refer to components of a nodal curve.) 

We recall that by our choice of K and the convergence of /Ar(0) to F we 
have that for sufficiently large the complement of fN{0)~^{K) does have 
3d — l components each containing a single marked point. Given Claim [2?20| 
by the convergence to gN we can find a t^ in (0, 1) such that /Ar(tAr) also has 
the property that the complement of fN{tN)^^{K) C 5*^ does not have 3d — l 
components each containing a marked point. For convenience let us change 
our parameterizations and call /Ar(tAr) instead just /Ar(l). (In any case, there 
is a family of curves connecting it to /Ar(0).) Repeating this construction for 
each N, we get paths /Ar(t) which connect curves that puUback K to domains 
with different topology. 

Now we make the following claim. 

Claim 2.21. For these families of curves, fN{t) with < t < 1, the con- 
clusion of Proposition \2.14\ still holds. That is, if the subsequences fNj (0) 
and fNji^) both converge, then the curves with image in (CP^ \ E)°° of the 
corresponding limiting holomorphic buildings, are identical. 

Proposition 12.181 follows immediately from the two claims. For if the 
limiting components in (CP^ \ E)'^ are identical, as they are according to 
Claim EJH then for large Nj the pullbacks fN,iO)~\K) and fN^{l)-\K) 
must have the same topology, but this contradicts Claim [2^201 

Proof of Claim \2.2(A If the claim is false then there are 3(i — 1 distinct 
components of g]^^{E) each of which contains a marked point that is mapped 
by gN to p. On the other hand, for each N there exists a (unique) J^- 
holomorphic sphere D in (CP^)^ which has degree one and passes through 
p and another fixed point q G (CP^)^. By positivity of intersection we then 
have d = D ■ {g]\}{S)) > 3d — 1 > d, a contradiction. 

Proof of Claim \2.21\ We argue as in the Proposition 12.141 see also Remark 
12.151 The new difficulty is that we cannot necessarily assume that the point 
constraints are regular. On the other hand the many components in E'^ will 
be enough to ensure that curves outside of E cannot have strictly positive 
deformation index. 

Assume, arguing by contradiction, that the limits of fNjiS^) and fNjiX) 
in (CP^ \ E)°^ are distinct. Consider the compact subsets Ji, . . . , // of K 
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defined similarly to Proposition 12.141 i.e., each /j is the intersection of K 
with of the image of a rigid curve in (CP^ ~\E)°°. (By compactness there are 
only finitely many such genus curves of bounded degree.) Fixing an e > 
sufficiently small, for j large we can choose a such that fNj(tN^){S'^) fl 

K is at least a distance e from ULi -^i /tv still has 3d — 1 

components in a compact neighborhood of E, each passing through a marked 
point. (We observe that this number of components cannot decrease without 
the component in K itself moving.) Passing to a subsequence, if necessary, 
we may then assume that the tj^i^ converge to some too ^ [0, 1] and that 
Jn (tN-) converges to a holomorphic building which has a nonrigid curve in 
(CP^ \ E)'^, and which has at least 3d — 1 curves with image in E'^. The 
curves in E'^ have unconstrained deformation index at least 2 and therefore 
the total unconstrained index of limiting curves in E^ is at least 2 (So? — 1). 
On the other hand, degree d curves in CP^ have deformation index Qd — 2. 
So, as our almost-complex structure J induces a regular almost structure on 
(CP^ \ £^)^, any curves of this limit with image in (CP^ \ E)"^ must have 
index exactly 0. This is a contradiction since, by construction, there is a 
curve of the limit in (CP^ \ E)"^ which is not rigid. 

□ 

In order to establish Theorem \2.16\ that is, that m = 3d — 1, we argue 
by contradiction. Given Proposition 12.181 this means that we assume m e 
(1, 3d—l). Let F be a limiting holomorphic building for a subsequence of the 
curves /tv with [f^] G Aid{J^ ,Pi, ■ ■ ■ ,P3d-i), such that the unique curve of 
F with image in (CP^ \ -E)*^ has a negative end which covers 71 exactly m 
times. We will use this particular limit F to derive our contradiction. Denote 
the level of F by /c and its domain by {S,j). For simplicity, we will suppress 
the choice of a subsequence, and assume that the converge to F in the 
sense of [2]. 

Partitions associated to F. The limiting building F can be used to define 
partitions of the set of point constraints {pi} = {pi, . . .p^d-i} as follows. Let 
Ge he the collection of curves of F with images in either SE or E"^ and 
denote by the map to E formed by fitting together the compactifications 
of the curves of Ge, as described in Section 12.3.11 It follows from Lemma 
I2.12[ that the domain of G^; is a union of discs. The intersections of the 
images of these discs with the point constraints determines a partition P of 
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{pi}. In particular, we say that two points lie in the same block of P if they 
lie in the image of the same disc of the domain of Ge- 

Our assumption that m<3d — l implies that there are at least two discs 
in the domain of G^;. So, we may assume that pi lies in the image of a disc 
whose end covers 71 a total of m times, and that p2 lies in a different disc. 
Since m > 1, it follows from monotonicity and our choice of J, see Remark 
12. 11^ that the disc through pi intersects at least one other point constraint, 
say ps. In other words we can label the point constraints so that pi and ps 
lie in the same block of P and this block doesn't contain p2. 

Similarly, for any integer r G [0, /c] we can define a partition Pr of the set 
{Pi} by considering the maps to E constructed from the compactifications of 
the curves of F with level at most r, e.g., Pk = P- It follows from Lemma 
12.121 that for r > r' the partition Pr' is a (possibly trivial) refinement of Pr- 
Hence pi and p2 lie in different blocks of each Pr. 

A distinguished level of F. Let ro in [0, k] be the lowest level such that 
for all r < /c satisfying r > tq, the curve of Ge at level r that corresponds to 
the block of Pr containing pi has exactly one positive and one negative end, 
each of which cover 71 exactly m times. Equivalently, ro can be defined as 
the smallest integer in [0, k] such that the block of Pr which contains pi is 
the same for all r > rg. 

Throughout the proof of Theorem 12.161 the cases tq = and tq > will 
need to be dealt with separately. The latter case will require a significant 
amount of additional technical work. In preparation for this, we henceforth 
assume that the constraint points have been relabeled, if necessary, so that 
the point p^ lies in a different block to pi for all partitions Pr with r < tq. 
We also assume that the maps converging to F have been chosen so that 
/Af(0) = Pi, /Ar(l) = P3 and /Ar(oo) G Soo, where Ego is the line at infinity 
in CP^. For each A^, this choice is not unique since our curves intersect the 
line at infinity in d points. However, we note that (as required later) such a 
choice can be made continuously over generic 1-parameter families of curves, 

fNit). 

A special curve of F of level tq. We now identify a special curve of 
F of level ro in terms of its domain. To do this we consider the graphs 
id X f]\r : X (CP^)^ of the curves /at. For these maps, we have the 

following convergence statement. 
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Theorem 2.22. (Theorem 10.6 of J^]) A subsequence of the maps id x fj^ 
converges to a holomorphic building (see Section 2.3. Ij. 

In this setting, the components of the hmiting holomorphic building map to 
either 5"^ x (CP^ \ E)°°, S'^ x SE or S"^ x E^. These are almost-complex 
manifolds with cylindrical ends, but now each end comes with Morse-Bott 
S^-families of closed Reeb orbits. 

Ignoring again the passage to a subsequence, let us assume that the maps 
id X /tv converges to a holomorphic building with domain {S,j) . Recalling 
the sequence of maps ctat in the statement of the compactness theorem and 
looking at the S*^- components of the curves, it follows that the sequence 
of maps id o converges to a continuous map, say 3: iS — )■ S"^, which has 
removable singularities at the nodes of S. For the (CP^)'^-components of the 
graphs, the sequence of maps f^ o cr^^ converges to a holomorphic building, 
say F, with the same domain {S,j) (at least if we allow trivial components). 

The map 3 is actually holomorphic of degree 1 since it is a limit of such 
maps. Hence, it is nonconstant on exactly one component of 5 \ {nodes}. 
Let Sf be the unique component of {S,j) on which 3 is nonconstant, and 
denote the curve of F with this domain as / and its level by /. 

Lemma 2.23. The curve f maps into either SE or E'^ , that is, I < k. In 
fact, with p3 chosen as above, f is the curve of level I = tq whose compact- 
ification lies in the component of Ge containing the points pi and p^. If f 
maps into SE then the values of i at the punctures of Sj include {0, 1, 00}. 

Proof. If ro = then there is a curve of F with image in E"^ that passes 
through pi and p^. This curve must be / since 3 is nonconstant on its domain 
which includes both the values and 1. 

Now suppose that ro > and consider the curve of level ro that corre- 
sponds to the block of P^o containing pi. This curve has one positive punc- 
ture asymptotic to 7I;™''' and at least two negative punctures, one connected 
through a chain of curves to a curve through pi, and another connected sim- 
ilarly to a curve through ^3 (these punctures are different by the choice of 
Pa). The positive puncture is connected through a chain of curves to a curve 
through Soo. Now, 3 takes the values 0, 1 and 00 on the domains of the 
curves of F which pass through pi, ps and Sqo, respectively. Therefore, as 
the function 3 can be nonconstant on at most one of these three distinct 
chains of spheres, the value of 3 at (at least) two of the punctures on our 
curve at level ro are different. Hence, 3 is nonconstant on the domain of this 
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curve, which must therefore be /. It also follows that 3 must be constant on 
the three chains of curves connected to the curves passing through pi, ps and 
Soo- Thus, we see that / has punctures at 0, 1 and 00. 

□ 



A first technical aside. In this aside we show that Theorem 12.221 applies 
equally well to the graphs of maps satisfying the holomorphic curve equation 
with respect to a domain dependent almost- complex structure, provided that 
the domain-dependence is carefully controlled near the neck region. To be 
precise, let f^: S"^ — i- (CP^)^ be a sequence of maps which satisfy the holo- 
morphic curve equation with respect to a domain dependent almost-complex 
structure J^. That is, in coordinates z = x + iy on S"^, we have 

^ = J (-'M-))^- (12) 

In our case, we will always be able to assume that in fact {z, f^^z)) = 
J^ifN^z)) is domain independent unless fN^z) lies in a fixed subset, say 
dE X [—1, 1], of the cylindrical portion of (CP^)^. 

Fix almost-complex structures on S"^ x (CP^)^ such that for z & S"^ 
and p G (CP^)^ we have J^{z,p) = i Q) J'^{z,p) where i is the standard 
complex structure on T^S^ and J^{z,p) is a complex structure on Tp(CP^)^. 
(So for p ^ dE X [—1, 1] we have J'^{z,p) = J'^{p).) Then the idea, going 
back to Corollary 1.5. Ei of [6J, is that /at satisfies the domain-dependent 
holomorphic curve equation f|T2l) if and only if its graph id x /at : 5*^ 
52 X (CP2)^ is J^-holomorphjc. 

As — 7- 00 we require the to converge to an almost-complex structure 
J = i ® J ■ The convergence is uniform in the smooth topology on E and 
CP^ \ E. In the remaining portion of (CP^)^, dE x [—A, A], at least up 
to translation, we require our to be independent of both z and A and 
translation invariant on BE x ((—A, — 1] U [1, A)), and uniformly convergent 
on dE X [-A, A]. 

In this setting, as A ^ 00 the complex structure is now stretched as 
before by gluing copies of dEx [—A, A] to CP^^E where the almost-complex 
structure is extended to be translationally invariant outside of dE x [—1, 1]. 
This is equivalent to stretching along two copies of S*^ x dE (or one if we 
have translation invariance on all of dE x (—00, 00)). Then the compactness 
theorem of [2j holds as before 
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Theorem 2.24. (f^) A subsequence of the maps id x /jv converges to a 
holomorphic building. 

The curves of the hmiting building map into one of S"^ x (CP^ \ E)°^, 
S'^ X SE or S*^ X E'^, where the almost-complex structure on 5^ x SE is now 
either translation invariant or else translation invariant outside of a compact 
set. Moreover, the curves which map into the copy of 5^ x SE whose almost- 
complex structure is not translationally invariant, all have the same level. 
The sequence of maps id o a]^^ converges to a continuous map 3: S — > 5*^, 
and the sequence of maps ° cr]^^ converges to a holomorphic building, say 
F, with the same domain {S,j) (again allowing for trivial components). In 
local coordinates, the curves of F now satisfy equation (fT2|) with replaced 
by its limit J, and z replaced by j{x, y). 

Partitions associated to the /tv. We now define partitions of the {pi\ 
which are intrinsically associated to the sequence of curves /a? converging to 
F (rather than referring to the limiting building F, itself). This can be done 
by selecting a sequence of subsets A^ C dE x {—N,N) C (CP^)^. 

Definition 2.25. For sequences /a? and A^ as above, the partition P{An, f^) 
of the set {pi} is defined by saying that two points pj and pk lie in the same 
block if for all large N there exists a continuous path in S^ \ /^^(Ajy) which 
starts at yj and ends at yk- 

Here the yi E f^^ipi) are as in the definition of Aid{J-,Pi-, ■ ■ ■ iPm) from 
Section 12. 1[ 

As we now describe, the partition P^.^ (in fact any of the P^) corresponds 
to certain partitions defined as in Definition 12.251 For the case tq > 0, 
consider the sequence of neighborhoods of the form 

A^ = 9Ex (s-s^-l,s-/^ + l), 

where s G M and the are the shifts that determine the convergence of the 
/at at level ro (see Section I2.3.2p . For large enough A^, each Aj^ lies in the 
cylindrical portion dE x (-A^, A^) of (CP^)^. The sets 

V^^- (/^(^')nA^) 

converge to a subset of (5^0 ), the image of the level tq curves of F. In 
particular, modulo translations, the sets Aj^ can be identified with the set 



2 SPLITTING ALONG THIN ELLIPSOIDS 



29 



A = dE X (s — 1, s + 1) in the copy of SE which acts as the target of the 
level To curves of F . Choosing s to be sufficiently large, we may assume that 
the sets (T7v(/^^(^Ar)) converge to a collection of annuli, one in each compo- 
nent of Sro, which are arbitrarily close to the positive asymptotic puncture 
in each component. That is, the components of the complements of these 
annuli that contain the positive punctures are precisely punctured disks. The 
convergence of /a? to F implies that P^o = P{An, f^). 

If ro = 0, then = and we recover P,.q, as above, by simply setting 
An = dE X (s — 1, s + 1) for sufficiently large s > 0. 

Another building realizing m. We now observe that there exists another 
limiting building F' whose curve in (CP^ \ E)'^ agrees with that of F, but 
which determines a different family of partitions of {pi, ■ ■ ■ Psd-i}- To see 
this, recalling Section 12. 5[ consider the space A/at determined by a family of 
paths Pi{t) in E which switches pi and p2 and leaves the other points fixed. 
More precisely, suppose that Pi{0) = pi for all i, pi(l) = P2, ^2(1) = Pi, 
and Pi{l) = Pi for alH > 2. Let /Ar(t) be a 1-parameter family of curves 
representing a component of A/tv such that [/7v(0)] = [/at]. Set = /Ar(l). 
Passing to subsequences we may assume that the also converge to some 
F'. By Proposition 12.141 the curves of F and F' with image in (CP^ \ E)'^ 
are the same. On the other hand, by our choice of the paths Pi{t), it follows 
from Proposition 12. 131 that the points pi and are in different blocks of the 
partition P' of {pi, . . ■P3d-i} which corresponds to F'. Hence P 7^ P'. 
More importantly, we observe the following. 

Lemma 2.26. For An = (9Ex (s-s^ -1, s-s^ + 1), the partition P {An J n) 
is not equal to P{An, Jn)- In particular, the points pi and p^ lie in different 
blocks 0fP{ANj'N). 

Remark 2.27. Here we are using the same subsets An to define both par- 
titions (even though the subsets were originally defined in terms of Jn, not 

f'N)- 

Proof. To see this, we argue by contradiction. Define K C (CP^ \ E)"^ 
such that the level k + 1 component P of F intersects dK transversally 
and restricted to the preimage of (CP^ \ P)^ \ the map F is, up to 
parameterization, C°° close to trivial holomorphic cylinders over the Reeb 
orbit. Assume there exists a path 7 = 7(1) in 5*^ \ (/^)~^(yl7v) which 
connects fN~'^{Pi) and f'N^^ips)- We observe that in particular 7 has image 
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lying in S"^ \ {f'j^)~^{K) since in any (CP^)^ the sets separate E from 
CP^ \ E. Let fN(t) be the family of curves used to define F' above. By 
Proposition I2.14[ see also Remark I2.15[ for large the sets f]y{t)~^{K) 
have the same topology relative to the marked points. Therefore the path 
7(1) can be included in a homotopy of paths 7(t) connecting f^^{p2if)) to 
fN^iPs) within \ fNity^iK). But then 7(0) connects f^^{p2) and f^^ips) 
in S'^ \ f^^{K), which contradicts the fact that p2 and ^3 are in different 
blocks of P. 

□ 

Strategy of the proof of Theorem 12.161 For the sake of clarity, we 
briefly outline the plan for the remainder of the proof. At present, we have 
two convergent sequences of curves, and whose limiting buildings have 
the same curve with image in (CP^ \ E)'^, and this curve has a negative 
end that covers 71 exactly m-times, the maximum covering number among 
all such curves in such limits. Moreover, by construction, the corresponding 
partitions P^Aj^,/^) and P{Aj^,f'j^) of the constraint points differ, in that 
Pi and p3 lie in the same block of the former partition, and in different blocks 
of the latter. 

We now forget the constraint point p2. The sequences of maps and 
f'j^, and the sets A^v, still induce different partitions of the remaining point 
constaints {pi,P3, . . . ,P3d-i}- By Lemma [521 for each the maps /at and 

can be connected through a path of maps fN(t) : S"^ — )■ (CP^)^, for 
< t < 1, such that [/Ar(t)] G MdiJ^ ,Pi,P3, ■ ■ ■ ,P3d-i)- For all and t, 
the subset fN{t)^^{AN) C S'^ is disjoint from fN(t)~^{{pi}ijL2)- Since the 
partitions of {pi}i^2 determined by components of the complements of the 
/Ar(^)~H^iv) different for t = and t = 1, we conclude that the topology 
of /Ar(t)~^(^Ar) must change with t. This change will be the eventual source 
of our contradiction to the assumption that m is both maximal and less than 
3d-l. 

To exploit this change we must first arrange that /, the curve of F of 
level tq that corresponds to the block of the partition containing pi, is iso- 
lated in SE or E^. (Recall that level ro curves include the limits of the 
curves through the A^.) Proposition 12.41 implies that / must have defor- 
mation index 0. However, in the case tq > this does not imply that / 
is isolated. Indeed, multiple covers of cylinders in SE with positive and 
negative ends covering 71 an equal number of times have deformation index 
zero but are never isolated as they admit a free C*-action. The underlying 
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trivial cylinders themselves also have deformation index zero and therefore 
cannot be removed by generic perturbations of the almost-complex structure 
on SE. To avoid this possibility we use almost-complex structures which are 
domain-dependent on the preimages of the Ajsr to obtain a rigid perturbation 
of /. This procedure is the subject of the forthcoming technical aside. (The 
fact that the resulting rigid curve appears in a limiting holomorphic building 
corresponding to a sequence of holomorphic spheres, follows from Theorem 
12.241 of our first technical aside.) 

Now, by compactness, there are only finitely many images of isolated 
curves (with energy bounded by a constant) in a copy of SE or E"^. It follows 
that for large N and some t^- G (0, 1) that /Ar(tAr)(5'^) H must lie a fixed 
distance (in a sense to be made precise) from the images of isolated curves 
intersected with A^ (thinking now of as a subset of an SE). Otherwise we 
could not have the change of topology detected above. The limiting building 
of a convergent subsequence of the /Ar(tAr) therefore includes a curve which 
lies a fixed distance from all isolated curves and hence is not isolated itself. 
Therefore it will have positive deformation index, and adding back the point 
constraint p2 to this curve we still have a curve with nonnegative constrained 
deformation index. But the curve already corresponds to the block of the 
partition P{An, /Ar(tiv)) that includes pi and has m elements. Adding p2 it 
now generates a partition containing a block of size m + 1. This will give a 
contradiction to the hypothesis that m is maximal. 

A second technical aside. To complete the proof of Theorem 12.161 we 
will need the distinguished curve / discussed in Lemma 12.231 to be rigid, 
that is, isolated and regular, and in particular of deformation index zero. 
This is automatic if / maps to (i.e., tq = 0) and the constraint points 
are in generic position. Let us assume then that rg > in which case / 
maps to SE and is a multiply covered cylinder with one positive and at least 
two negative punctures. (It is not a trivial cylinder by the definition of vq 
above.) To achieve rigidity for / we will perturb it so that the resulting curve 
/ is somewhere injective, and is a regular solution of a Cauchy-Riemann 
type equation with some domain dependence. This process is carried out 
carefully in the following paragraphs, and is possible precisely because / is 
the unique curve of F on which the map 3 is nonconstant. The curve / will 
have the same asymptotic behavior as /, and the other curves of F will be 
unchanged by this procedure. In particular, the new limiting building will 
still be a limit of holmorphic spheres (holomorphic with respect to a domain 
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dependent almost-complex structure) in the sense of Theorem 12.241 It will 
also have the same curve of level /c + 1 as F (that is, the same curve mapping 
to (CP^ \ E)°^) with a negative end covering the orbit 71 precisely m times. 

Let A = dE X (s — 1, s + 1) C SE. As above, up to translation we 
identify A with the sets tp'^N (^Aj^i) and with the subset of the copy of SE 
that corresponds to the target of the level tq curves of F. For large s the set 
f~^{A) is arbitrarily close to the positive puncture in the domain of /. By 
Lemma 12.231 / is asymptotically cylindrical to 'j^l^^ at this puncture. Since 
3 : 5 — )■ S*^ is a diffeomorphism on the domain of /, we will use 3 to identify 
this domain with its image in S"^, whose points will be denoted by z. 

Let / be a small perturbation of / on the preimage of A such that / = / 
near the boundary of f~^{A) but / is not a multiple cover. We can then 
define a domain dependent almost-complex structure J on f~^{A) x A, (that 
is, a map J : {z,p) 1— )■ Aut{TpSE) defined for z G f~^{A) and p E A) 
such that / becomes J-holomorphic. In other words, for local coordinates 
z = X + iy on f^^{A) C S"^, as in equation (fT2!) we have 

- = J(., /(.))-. 

This is possible since on intersecting branches of / the z coordinates are 
necessarily different. We extend / such that f = f outside of A, and extend 
J such that J{z,p) = J{p) for p ^ A. In particular J{z,p) = J{p) if z is 
close to a puncture, for example if z is close to 0, 1 or 00. Since 3 is constant 
on the domains of all other curves of our limiting building F they can also 
be viewed as solutions of the J-holomorphic equation, which are unaffected 
by the domain dependence. 

The J-holomorphic curve / has the same asymptotic limits as / and thus 
still has virtual deformation index zero, this time in the space of parame- 
terized spheres whose set of punctures includes the points 0, 1 and 00. We 
note that the reparameterization group PSL{2, C) does not act on param- 
eterized holomorphic maps, so to remain in a moduli space of deformation 
index zero we need to impose the three point constraints. However, / is 
no longer multiply covered and so, for a generic choice of J, it will be rigid 
and hence isolated from other maps of the sphere to SE which satisfy the 
new Cauchy-Riemann equation, and have bounded energy, deformation in- 
dex equal to zero and punctures at 0, 1 and 00. We recall from Lemma [2.231 
that limits of parameterized holomorphic curves on which 3 is nonconstant 
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do have punctures at 0, 1 and oo, thus / is isolated from other such hmits. 
Let F be the holomorphic building obtained from F by replacing / by /. 

By the nature of their convergence as parameterized maps to the original 
/ and J, both /jy and can be perturbed analogously to obtain a sequence 
of curves Jn which converge to / in the sense of Theorem 12.241 and are 
holomorphic with respect to a sequence of domain dependent almost- complex 
structures which converge to J on A. More precisely, for /at (2) ^ iIj~'^n (^A) 
we can set fN^z) = JnIz) and J'^ {z, /n^z)) = {fN{z)), and for z e 
f^^(ijj~^N (^A)) we perturb /at to approach / and define to approach J 
and such that the Jn are J^-holomorphic. Note that this can be done to 
give smooth (domain dependent) almost- complex structures . 

Remark 2.28. A concrete way to do this would be to define / by adding 
to / a multi-valued section g of the normal bundle to the image of /, where 
all branches of the section have support in A. For large the images of 
the /at, up to translation, are themselves multi- valued sections of this same 
normal bundle and can therefore be perturbed by adding the same g once 
we identify the relevent branches to ensure convergence. 

The curves f'^ which converge to the limiting building F' can now be 
obtained from the as before (by following paths of points Piit)) but now 
using the domain dependent almost-complex structures J'^ (see the first tech- 
nical aside). As we work now with parameterized curves, for the indices to 
correspond we must fix parameterizations as above so that the /Ar(t) satisfy 
fN{tm=pi{t) fN{t){l) = P3{t) and /7v(t)(oo) e Soo. By Proposition EH 
the limit F' of the will still have the same curve as F in (CP^ \ E)^. 

Back to the proof of Theorem 12.161 To simplify the notation we now 
drop the tildes from the perturbed versions of J, /, and F defined in our 
second technical aside. We just retain the fact that the level tq curve / of F 
which corresponds to the block of Pj-o containing pi, is now regular, isolated, 
and has deformation index zero. 

As described previously, for sufficiently large A^ the components of /^^(A^r) 
and {f'j^)~^{Aiy) determine partitions P^Anj/n) and P{A^,f'j^) of the set 
{pi,P2, ■ ■ ■ ,P3d-i}- We also recall (see Lemma 12.261 and Remark I2.27P that 
these partitions are distinct since pi and ps are in the same block of P{Am, /at) 
but are in different blocks of P{Am, f'j^). Hence, if we forget the point p2, 
then P{An, fn) and P{An, /^) still determine distinct partitions, say P and 
P', of {pi,P3, • • • ,P3d-l}- 
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By Proposition 12.21 we can connect and by a continuous path 
of holomorphic curves fNit) through the points pi,P3, . . . ,P3d-i- We may 
assume that the /Ar(t) are all parameterized such that 0, 1 and oo map 
to pi, ps and as before. When is large enough, the components of 
(/iv(^))~^(^Af) determine a family of partitions P{t) of {pi,P3, ■ ■ ■ ,P3d-i} 
such that P(0) = P and P(l) = P'. Let CAr(t) be the restriction of /Ar(t) 
to the component of {fN(t))~^{Aiy) which corresponds to the block of P{t) 
that contains pi. Since the partitions -P(O) and -P(l) have different blocks 
containing pi, the CAr(t) must vary nontrivially with t. In fact, the topology of 
the domain of the CAr(t) must change for some t. We now use this transition 
to obtain a contradiction to the assumption that m < 3d — 1. 

Henceforth, we only consider values of N which are large enough for the 
maps CAr(t) to be defined as above. For values of t near 0, each CN(t) is 
defined on an annulus whose boundary components are mapped to different 
components of dA^. If we make an identification between their domains and 
the standard annulus [—1, 1] x S^, then these CAr(t) define elements in the 
space 

{a G 1] X S\ An) \ a({±l} x S^) C {sn ± 1} x dE} . 

Consider the topology on this space determined by the distance function 

dist(ai, 02) = inf \\aio h — a2\\c°°, 

where the infimum is over smooth diffeomorphisms h of [—1,1] x S^. Note 
that this also determines a well-defined (yet degenerate!) distance function 
on the maps CN(t), for values of t near 0, since it is independent of how we 
identify their domains with the standard annulus. 

As described above, for some t the domain of CAr(t) must no longer be 
an annulus. Hence, for all sufficiently small e G (0, 1] there is a minimal 
tAr(e) G (0, 1) such that the distance between cjyitiy) and CAr(O) is at least e. 
(In order for the topology of its domain to change, the derivative of CAr(t) 
at the boundary must at some time be tangent to dA^- If we assume that 
CAr(O) is transverse to this boundary then at that time we can bound below 
the distance between ciy{t) and Civ(O).) Let us fix such an e G (0, 1] and set 
tN = %(e)- 

Taking a convergent subsequence of the /Ar(tAr) as — )■ 00, we obtain a 
holomorphic building F". The domain of the building again comes with a 
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map 3" to S'^ which is constant on all but one component of the domain and 
extends continuously across the nodes. 

Some care must be taken with the meaning of the deformation index of 
the components of F". According to Lemma \2.23\ the component of a limit 
on which 3" is nonconstant has punctures at 3" = 0, 1, cxd. Therefore when we 
compute the index of the curve on whose domain 3" is nonconstant, we work 
in a moduli space consisting only of curves with punctures at 3" = 0, 1, 00. 
(The value of 3" at other punctures is allowed to vary.) For a building to 
arise as a limit it is necessary that the coordinate function be continuous. 
Therefore, once 3" is given on the nonconstant component it is determined on 
all other components (since the domain S is connected). The virtual indices 
of these other components (where there is a PSL{2, C) action) are defined 
as before. With these conventions the index formulas for components of F" 
are given by the same formulas as before. In particular, the indices of all 
component curves of F" must sum to 2, since this is the index of curves in 
the original moduli space. (We have forgotten one point constraint.) Hence, 
in the generic case when all components have nonnegative index, at most one 
curve of F" has index 2. 

We observe here that by our choice of tN, a curve of F" in (CP^ \ E)'^ 
has a negative end which connects to a component in E'^ U SE that passes 
through m fixed points. In particular, for t < tjy, the domain of cjyit) is still 
an annulus and therefore still bounds a disc in the domain of /Ar(t) which 
intersects the same m marked points as in the block of P containing pi. 

Let /" be the curve of F" with image in SE or E'^ that includes the 
limits of the CN(tN)- (As this copy of SE, or E'i^, contains A, the complex 
structure is not translation invariant, so /" is in fact well defined as a map 
to SE or not just up to translation.) As e > 0, we have /" 7^ /. Never- 
theless, we can assume that /" is close enough to / that it's tangent planes 
cannot be holomorphic for a domain independent almost-complex structure 
(for example, because there may be self-intersection points of negative in- 
dex), in other words /" will be the unique component of F" on which the 
coordinate function 3" is nonconstant. 

When ro = 0, we define Cro(e,(i) to be the set of holomorphic maps of 
genus into E^ which have index zero, energy less than e and the following 
third property: the preimage of A under the map has an annular component 
so that the restriction of the map to this component lies within distance d of 
the C7v(0) (as defined above) for all large. For the case tq > 0, we define 
Cro(e, d) to be the the space of genus maps into SE which have punctures 
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at {0, 1, oo}, are holomorphic with respect to the domain dependent almost- 
complex structure, and have the same three additional properties. Since we 
have arranged the C7v(0) not to be multiply covered in both cases, we can 
choose d so that the third property above implies that the curves in Cro{e, d) 
are somewhere injective. Thus, C^q (e, d) is a finite set since it is compact and 
has dimension zero. For a suitably choice of e > (and any choice oi d > 0), 
we may assume that Cr,j(e, d) contains the curve /. For any curve in C,.(,(e, d) 
which does not coincide with /, its restriction to the annular components in 
the preimage of A all lie more than some fixed distance di < d away from the 
corresponding restriction of /. Choosing the parameter e in the definition 
of /" above to be smaller than di, we conclude that /" is not in CrQ{e,d). 
However, /" satisfies all of the defining criteria for Cro{e,d) except that of 
having deformation index zero. Thus its deformation index is nonzero, /" is 
not rigid, and index(/") = 2. 

Remark 2.29. The sequence converging to F" seems to already give a con- 
tradiction as there is a single component in Ge now with (unconstrained) 
deformation index 2{m + 1). However we must be a little careful. The num- 
ber m was defined as a maximum only over limits of curves passing through 
the original points {pi. . . . .psd-i}', in the situation at hand it may not be 
clear even that the domain of our relevent component of is a topological 
disk. Thus the additional argument supplied below is perhaps necessary. 

We now introduce a point p^(0) to the image of CAr(t7v). In the limit 
we may assume that these points converge to a point p" in the image of /" 
which lies a distance e from all rigid curves. Then in the moduli space of 
curves passing through 3d — 1 points (when we include (0) or p") the curves 
/iv(^7v) and the limiting curve /" can be assumed to be rigid. There is now 
a component of each /jv(tjv) restricted to (fN(tN))~^{E U {dE x [— A^, A^])) 
passing through m + 1 points. To finally derive a contradiction we must 
find a limit through the original set of points {pi, . . . ,^3^-1}. To do this, we 
proceed as follows. 

We extend p^{0) to a path p^ (t) E (CP^)^ such that p^{l) = p2. This 
can be done generically for each N and to satisfy the following conditions: 

(i) . for N large all P2 (t) remain a bounded distance from the images of 

rigid curves in An (when identified with ^4); 

(ii) . for N large all (t) remain a bounded distance from the intersection 

of rigid curves through a subset of the {pi,P3, . . . ,P3d-i} with E; 
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(iii). for large all {t) remain a bounded distance from 71 x [— A^, A^] in 
dE X [-N,N]. 

The sets above that the (t) must avoid are all of codimension 2 and so 
such paths (t) do exist. We can assume by exponential convergence that 
rigid curves in the copy of SE containing A are all very close to the cylinders 
71 X M outside of A (replacing A by a longer cylinder if necessary). 

There are corresponding families of curves /Ar(t) for < t < 1 through 
Pi,P2 (t),P3, ■ ■ ■ ,P3d-i connecting /Ar(tAf) to another curve h]\f that passes 
through Pi,P2,-- • ,P3d-i- 

Claim 2.30. Let sn G [0, 1] be a sequence and suppose that the sequence 
of curves fN^SN) converges in the sense of Section 2.3.1. Then the limiting 
holomorphic building has the same components as F" in (CP^ ^ E)'^ . 

Claim 12.301 implies that for the 1-parameter family of curves connecting 
/Af(^Af) and Hn, the intersections of the images of this family with any fixed 
compact subset K C (CP^ \ E)'^ (which can be canonically identified with 
a subset of each (CP^)^ for large) are approximately constant when A^ 
is large, see Remark 12.151 Hence, the components of the intersection of 
these curves with the complement of K determine identical partitions of the 
sets {pi,P2(t), . . . ,p3d-i}- For A^ sufficiently large, it follows that the image 
of the curve has a component in (CP^)^ \ K passing through m + 1 
points. Looking at the limit of the and choosing K such that our limits 
are approximately cylindrical on (CP^ \ E)°^ \ K , we find a component in 
E"^ U SE that passes through m + 1 disjoint balls, implying that it must 
cover 7i at least m + 1 times. This contradicts the definition of m as the 
maximum such covering number. 

Proof of Claim \2. 3(A This follows Proposition 12.141 closely. We just need to 
ensure that in any limit of fN{sN) the sum of the unconstrained indices of 
the components in E"^ U SE is at least 2(3(i — 1). 

The components intersecting {pi,P3, . . . ,Pm-i} have indices summing to 
at least 2(3(i — 2). Suppose that, following the notation of Section 12.3.21 
<^N{fN{sN)~^{P2 {^n))) converges to a point z in the limiting building. Then 
by our choice of (sjy) (avoiding cylinders over Reeb orbits, condition (Hi)) 
the point z is not a node. If z lies in a component mapping to E^ which 
passes through k other constraint points, then by condition (ii) the limiting 
component has index at least 2A; + 2 and our sum is as required. If z lies 
in a component mapping to the copy of SE containing A, then by condition 
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{€) this component has index at least 2. Recall from Lemma 12.91 that any 
curves of deformation index zero in a copy of SE with its translation invariant 
almost-complex structure are multiple covers of the trivial cylinder over 71. 
Thus by condition [Hi) if z lies in a component mapping to a copy of SE with 
its translation invariant almost-complex structure then again the component 
has index at least 2 and in all cases we can conclude as required. 



3 The proof of Theorem [13] 

Let (M, uj) be the product manifold CP^ x C"~^ equipped with the split 
symplectic form R^ujps © ^a- When convenient, we will equip the C"~^- 
f actor of M with complex coordinates 2:3, . . . , We will also consider the 
[n — 2)-dimensional torus, T"~^, acting on C""^ in the standard way by 
rotations in the Zj- directions. 

Let -E(ai, 02, ... , a„) be the ellipsoid 



^1 



) • • • ) ^n; 



a, 

i=2 * 



Suppose that for any S" > there exists a symplectic embedding 

: E{l,S,...,S) ^ M. 

To prove Theorem 11.21 we must show that this implies that R > 

Fix an integer d > 1, and a positive real number S such that S"^ is 
irrational and > d{3d - 1). Set (j) = (j){S). For t e [1/5, 1], let (pt be a 
smooth family of symplectic embeddings 

(f)t:Et = E{t,tS,...,tS) ^ M 

such that: 

• for t in some neighborhood of 1 the embeddings (pt are just the restric- 
tions of (p to Et] 

• 01/5 coincides with the inclusion of £'(1/5', 1, . . . , 1) into £'(1,1) x 
C"-2 c CP\R) X C"-2 = M. 
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In particular, the image of (j)i/s is chosen to be invariant under the action of 
T"~^ on M. In what follows, we will identify Et with its image (f)t{Et). 

The standard contact form on dEf has n simple closed Reeb orbits, whose 
images correspond to the intersections dE^ H {zj = 0; j 7^ z} for z = 1, . . . , n. 
For simplicity, we will denote the closed Reeb orbit on dEf with the smallest 
action by 71, i.e., we suppress the dependence on t. The action of 71 is vrt^ 
and the Conley-Zehnder index of its r-fold cover, 'y^\ is given by 



/x(7r^)=2r + (n-l)(2[-^J +1) 



52 

Let J't = be the space of smooth almost-complex structures on M 
which are compatible with the symplectic form on M and are also compatible 
with Et in the sense of Section 1231 As described in that same section, Jt G Jt 
determines an almost-complex structure on (M \ E^)"^ which we will denote 
by the same symbol. Consider a Jj-holomorphic curve in (M \ E^)"^ which 
has genus zero, degree (i, and s~ negative ends asymptotic to multiples of 71 
such that the i^^ such end covers 71 a total of hi times. The virtual dimension 
of the moduli space represented by this curve is 

\n - 3)(2 - S-) + 6d-Y, {^b, + {n - 1) (2 [-^J + l)) . (13) 

i=l 



Now, let Jt be a smooth family of almost- complex structures such that 
Jt belongs to J't for all t G [l/S*, 1] . We define K-t to be the moduli space of 
somewhere injective J^-holomorphic planes in (M \ Et)'^ which have finite 
energy, degree d, and whose negative end is asymptotic to 7^'^'^ ^\ Since 
S > ^/3d^^, the index formula above implies that each ICt has virtual 
dimension 

{n-3) + 6d- (2(3d - 1) + {n - 1)) = 0. 



3.1 The space JCi/s- 
Here we prove the following result. 

Proposition 3.1. For sufficiently large S > and every regular almost- 
complex structure Ji/s in Ji/s, the corresponding moduli space ICi/s is an 
oriented, compact, zero- dimensional manifold whose oriented cobordism class 
is nontrivial. 
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It suffices to prove that the conditions on /C1/5 are satisfied for any reg- 
ular almost-complex structure Ji/s in Ji/s- We will restrict our attention 
to the subset Jijs of Ji/s consisting of almost-complex structures which 
are invariant under the T"~^-action on M. Note that for Jijs G Ji/s the 
submanifold (CP^ \ £'(1/5', 1)) x {0} c M is Ji/^-holomorphic. Hence, 
Theorem 12. 161 implies that, for a suitable choice of the restriction of J1/5 to 
(CP^ \ E{l/S,l)) X {0}, the space ICi/s is nonempty. In particular, the 
theorem yields a curve with image in 

((CP2 \ E{l/S, 1)) X {0})- c (M \ 

that represents a class in /C1/5. 

Proposition 3.2. For Ji/s in J\js, let F be an immersed Ji/s-holomorphic 
curve in (M \ Ei/s)°^ whose image is contained in the subset ((CP^ \ 
E{l/S, 1)) X {0})!^. The linearized normal bundle v for the image of F splits 
as a sum of holomorphic line bundles. In particular, u = H (B (B ■ ■ ■ ® Vn, 
where H is the subbundle of vectors parallel to {zj = | j = 3, . . . n} and Vj 
is the subbundle of vectors along F parallel to the Zj factor. 

Proof. Let vr denote the natural projection M — )■ CP^. This is of course 
holomorphic with respect to the standard integrable complex structure i. 
Let Ji/s be our (stretched) almost-complex structure on (M \ Ei/s)°° and 
also the induced complex structure on u. 

It is clear that if is a holomorphic subbundle. Since the derivative of the 
projection is holomorphic along F the fibers of the Vj are complex. But we 
can choose a connection on Vj whose horizontal subspaces are all invariant 
under rotations in the Zj plane. Then if v is the lift of a vector from the 
base F, the projection of Ji/sv to the fibers is also invariant under rotation. 
But the component of this projection in the H ®i^j Vi factors varies linearly 
with Zj G Vj and is fixed under rotation, and so must be identically zero. It 
follows that Vj is a holomorphic subbundle as required. 

□ 

Now, for Ji/5 in Ji/s which restrict to generic almost-complex struc- 
tures on ((CP^ \ E{l/S, 1)) X {0})!°, curves which represent classes in /C1/5 
and whose images lie in ((CP^ \ E{l/S, 1)) x {0})!!° are immersed, and by 
Proposition 13.21 the linearized operator along such curves splits. Thus we 
can apply the (four-dimensional) automatic transversality results of [21] to 
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conclude that such curves are regular (in particular our curves satisfy the 
hypotheses of [21j Theorem 1 since the cn term there is negative). 

We recall that to compute the difference in orientation of two curves in 
the dimensional moduli space /C1/5 we must identify their normal bun- 
dles and examine a family of linear almost-complex structures interpolating 
between the two induced structures. The difference is given by a sum of 
crossing numbers evaluated at points where the associated Cauchy-Riemann 
operators have nontrivial cokernel (see for example p^, Remark 3.2.5). But 
the automatic regularity here means that there are no such irregular almost- 
complex structures and thus all curves have the same orientation. 

Observe that if J1/5 G Ji/s is regular for all curves representing classes in 
/Ci/5, then the images of these curves are a// contained in ((CP^\-E(1/S', 1)) x 
{0})°°. This is because any such curve whose image is not contained in 
((CP2\E(l/5, 1)) x{0})~ would have deformation index zero but, by invari- 
ance, would appear in a family of curves of dimension at least one. Hence, it 
follows from Theorem 12.161 and Proposition 13.21 that to prove Proposition 13.11 
it suffices for us to establish the existence of a J1/5 in Jijs which is regular 
for /C1/5. 

A curve which represents a class in fCi/s will be called orbitally simple 
if it intersects at least one orbit of the T"~^-action exactly once. There is 
an open and dense subset of jfi/s for which all orbitally simple curves for 
the corresponding spaces JCi/s are regular. This follows from the standard 
methods, exactly as in, say, §3.2, Here, the condition of orbital simplicity 
replaces the assumption in |T6] that all curves are simple. In particular, 
the analogue of Proposition 3.2.1 of [16] allows one to construct sections of 
bundles over {M\Ei/s)'^ which are both T"~^-invariant and, when restricted 
to the image of a curve, have support contained in the neighborhood of a 
single point. 

Thus, to detect the desired almost-complex structure J1/5 G Si/s it will 
suffice to find an open subset of Si/s such that every curve for the corre- 
sponding spaces /Ci/s is either contained in ((CP^ \ E{l/S, 1)) x {0})f° or is 
orbitally simple. In fact, as orbital simplicity is an open property (by com- 
pactness), it will suffice to construct a single such almost-complex structure. 

Proposition 3.3. For a suitable Ji/s G Si/s, all curves which represent 
classes in ICi/s and which do not lie entirely in ((CP^ \ E{l/S, 1)) x {0})^ 
must intersect some orbit of the -action exactly once. 

Proof. For a real number a slightly larger than 1, let denote the hyper- 



3 THE PROOF OF THEOREM 11 



42 



surface + |z2p = a^} C (M\Ei/s)!° which divides (MxEi/s)^ into 

two regions; V which contains the cyhndrical concave end corresponding to 
dEi/s, and W = {S\zi\'^ + \z2^ > a^}. We will work with T'^'^-invariant 
almost-complex structures on (M \ Eijs)°^ for which the projection onto 
{zj = I j = 3, . . . ,n} is holomorphic on W. Let Jn denote a sequence 
of such almost-complex structures which are stretched to a length along 
Sa. We observe that contains a 2(n — 2) parameter family of Reeb orbits 
corresponding to translations of 071. 

Arguing by contradiction, suppose that for all such almost-complex struc- 
tures Jn there exist curves fjy which represent classes in /C1/5 and intersect 
T"'~^-orbits in multiple points, or not at all. Then on W the curves Jn 
project with a degree r^v > 1 onto curves lying in {zj = \ j = 3, ... , n}. 
The sequence of r^v is bounded by d, as the fjy intersect the line at infinity 
at least rjy times. So, taking a subsequence, we may assume that r = r^r is 
independent of A^. 

Now, taking a limit as — > 00 our curves J'n will converge to a holo- 
morphic building whose component in W has negative ends asymptotic to 
translations of 071. Since the component in V has a negative end asymptotic 
to 7|'^'^~^-' we may assume, since our curves have positive area, that for a 
sufficiently close to 1 the negative ends in W cover the orbits a total of at 
least 3d — 1 times. 

The projected curves have bounded area and so will also converge to 
a holomorphic building which includes a curve h with image in 

{{zj = I J = 3, . . . , n} n {S\zi\^ + \Z2\^ > a2})~. 

Working with T"~^-invariant structures we may still assume that the limiting 
almost- complex structure on {{zj = | j = 3, . . . , 'n,}n{S'|2;ip + |2;2p > a^})?? 
is regular (indeed, any almost-complex structure preserving {zj = \ j = 
3, . . . ,n} can be extended to W ^-invariant one). 

Suppose that h has degree e and s~ negative ends with the i*'* such end 
covering 071 a total of q times. Using formula the deformation index of 
h is 

index(/i) = — 2 + 6e — 2 Cj 

1=1 

which is nonnegative only if Y2i=i Q < 3e — 1. Now, the degree e of /i is equal 
to -, so the negative ends of the limits of our curves fjy cover the translates 
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of a total of r 'Yl,'i=i Q < r{'ie — 1) = Sc? — r times. Thus, if r > 1 then 
we have a contradiction as required. 

□ 

3.2 A compact cobordism 

For a generic choice of the family Jf, the set /C = {ICt \ t G [l/S", 1]} is 
an oriented 1-dimensional manifold with boundary. By [2j, K, is compact 
modulo convergence to equivalence classes of holomorphic buildings in the 
(M \ Et)'^. A priori, such buildings could include multiply covered curves, 
that is, curves not included in the definition of /C. In this section we prove 

Proposition 3.4. The family JC is compact. 

Proof. Let F be a holomorphic building in (M \ Et)'^ representing a limit 
point of /C. Then F consists of a finite collection of holomorphic curves with 
connected domains and images in either (M \ Et)'^ or SEt. Each of these 
curves has virtual index zero and their compactifications fit together to form 
a continuous map F from the unit disc to M \ Et which takes the boundary 
circle to 'j^'^ ^\ Arguing as in Section |2]U one can also show that the curves 
of F with image in (M \ Et)?^ have negative ends which are asymptotic only 
to multiples of 71, and the curves with image in SEt are multiply covered 
holomorphic cylinders over 71. Moreover, as inherited by the curves in /C, 
there is a unique curve of F at the bottom level, and it has a single negative 
end which covers 71 precisely 3d—l times. This is because any curves without 
negative ends necessarily have positive deformation index. 

Our first claim is that there is a single curve of F with image in (M \ 
Et)'^, and that it is somewhere injective. Arguing by contradiction, suppose 
that there are K > 1 such curves. Then they have degrees di, . . . ,dK with 
di + . . . + dK = d and we may assume that the ends of the i^^ component cover 
7i a total number ti times. Here we allow for some = 0, which corresponds 
to rational curves without (nonremovable) punctures which bubble off in 
(M \ Et)'^. Since the curves of F with image in SEt have at least as many 
positive ends as negative ends, when counted with multiphcity, and the curve 
of lowest level has a single negative end which covers 71 a total of 3d—l times, 
we have ti + --- + tK>3d—l. The assumption that K > 1 then implies that 
there must exist a j G [1,K] for which tj > 3dj. Suppose the corresponding 
curve F of F is an r-fold cover of a somewhere injective curve F (if F is not 
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a multiple cover then we allow r = 1 and F = F here). Then F has degree 
d = ^ and has some number s~ of negative ends, the i*'^ of which covers 71 

a total of Ci times. Hence, X]i=i = 7- and the index formula ( IT^ for F 
becomes 

s~ 

index(F) = (n - 3)(2 - 5") + 6d - ^(25^ + (n - 1)) 

1=1 

= {2n-4:){l~S-) -2 + -{3dj -tj) 
< -2. 

For generic choices of almost-complex structure we then have a contradiction. 

Thus, there is a single curve G of F with image in (M \ Et)°^. Suppose 
that this curve has a total of s' negative ends, each covering 71 a number 
Ci times. If G is an r-fold cover of a somewhere injective curve G with s~ 
negative ends then, as above, the index formula ( lT3ll gives 

2 

index(G') = (2n - 4)(1 - 5") - 2 + -(3d - ^ q). 

^ 1=1 

But as Yli=i'^i — 3(i — 1, we notice that the index can exceed —2 only if 
s~ = 1 and r = 1 and X]i=i Q = 3(i — 1. In other words, the unique curve G 
of F with image in (M \ Et)°° is somewhere injective and does indeed lie in 
/C. 

Now assume that /C is not compact and that F represents a limit point 
not contained in /C. Then F is a holomorphic building of height k > 1. As 
described above, the unique curve of F of level one has a single negative end 
which covers 71 precisely 3d — 1 times. Since k > 1, this curve, say H, has 
image in SEt. The compactifications of G, H, and the other curves of F 
with image in SEt fit together to form a curve of genus zero. Hence, the 
curves with level in [1, k) must each have one positive and one negative end. 
If follows that the curves of F with image in SEt are all cylindrical, and so 
F and G represents the same element of /C. This contradiction affirms that 
/C is compact. 

□ 
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3.3 The completion of the proof 

Theorem 11.21 now follows almost immediately from Propositions 13. II and 13.41 
For any 5* > with S*^ G M \ Q, and any positive integer d satisfying 
d{3d — 1) < 5*^, it follows from Proposition 13.41 that for a generic family 
Jt the space K, = {/Ct | t G [l/S", 1]} is a compact, oriented, 1-dimensional 
manifold whose boundary is /C1/5 U/Ci. Proposition 13. II then implies that the 
moduli space /Ci is nonempty. Hence, there exists a holomorphic plane in 
(M\i?i)5^ whose negative end is asymptotic to 'y[^'^'^\ The symplectic area 
of this curve is positive and equal to dirR"^ — (3d — l)7r. Thus, > ^^j^, 
and taking the limit as d (and hence S) goes to 00 we have > 3. 

4 Symplectic embeddings 

In this section we prove Theorems 11.31 and 11.61 
4.1 The proof of Theorem 11.6 

Let S(e) be a punctured torus, i.e., a surface of genus one with one boundary 
component, equipped with a symplectic form of total area e. The Main 
Lemma of [7] implies the following. 

Proposition 4.1. For any S,e > 0, there exists a symplectic embedding of 

into S(e) X M2(n-2)_ 

To establish Theorem 11.61 it suffices to find an embedding of S(e) x -B^(l) 
into B'^{y/R) X B'^{^/R), where i? > 2 is fixed and e can be arbitrarily small. 
The existence of such an embedding is essentially contained in Lemma 3.1 
of [7]. We review the construction here for the sake of completeness and 
because it will play an important role in the proof of Theorem 11.31 

Fix R = 2 + 26 for 6 > 0. We begin with the following elementary result. 

Lemma 4.2. For every 6 > there is a nonnegative function H whose 
support is contained in B'^[\/2 + 25), whose maximum value is less than tt+S, 
and whose time-t Hamiltonian flow, 0^, satisfies 

cPUB'il)) C B'{y/{l + t){l + 6M) 

and 

0^,(5^(1)) n 5^(1) = 0. 
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Proof. Let U be any set whose closure is contained in the interior of the 
square [0, y/n + 5] x [0, i/tt + 5] C M?. The time-t Hamiltonian flow of the 
function K(x, y) = {y/ir + 5)x on is given by 

4>^Ki.x^y) = (x,?/ + tV7r + 5). 

(We use the convention that the Hamiltonian vectorfield, Xk-, of K is defined 
by the equation ixa'^o = —dK.) Hence, for all t > the set (jy^i^iU) is 
contained in the interior of the rectangle [0, a/tt + 5] x [0, (1 + 1) V^r + 5] and 
(j)K{U) n f/ = 0. Cutting K off appropriately near IJte[oi] ^^xi^)' S^^ a 
nonnegative function K whose Hamiltonian flow still has these properties, 
but is now supported in [0, y/rr + S] x [0, 2\/7r + S] and satisfies max(_ft') < 

TT + 6. 

One can construct a symplectic diffeomorphism ip of M? which maps 
[0, Vvr + 5] X [0, 2 Vvr + 5] into B^{V2 + 25 ) and for t G [0,1] maps arbi- 
trarily large subsets of each rectangle [0, \^7r+~6] x [0, (1 + t)y/iT + 6] onto 
balls centered at the origin. (Such maps are described and illustrated explic- 
itly in Section 3.1 of [IH]-) We choose these arbitrarily large subsets of the 
rectangles [0, a/tt + 5] x [0, (1 + t)\/Tc + 5] so that they contain (pxiU) for all 
t e [0, 1]. Setting U = ij-\B'^{l)) and H = K ot/j, we are done. □ 

Remark 4.3. It is clear from the definition of H in terms of K that for all t G 
[0, 1] the distance between ^^(^^(l)) and the boundary of 5^(^(1 +t)(l + 6/n)) 
is greater than zero and of order 6. 

Consider an immersion is of S(e) into M^, as sketched in Figure 1, with 
the following properties: 

• the double points are concentrated in an arbitrarily small region around 
the origin (0, 0). 

• the vertical and horizontal sections crossing at (0, 0) are arbitrarily thin 
(and hence arbitrarily long if need be). 

• the areas of the regions A and B are both equal to vr + 25. 

By the last of these properties we may assume that, for sufficiently small 
e > 0, the immersion lies in a region symplectomorphic to B'^[\/2 + 25). 

Let /° be the symplectic immersion of S(e) x -B^(l) into i?^(-\/2 + 25) x 
B'^[\/2 + 25) which acts as is on the first factor and as inclusion on the 
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Figure 1: The symplectic immersion is of the punctured torus. 



second. We now alter the image of J° to obtain the desired embedding. In 
what follows, we will use coordinates {xi,yi) on the plane containing the 
first copy of B^{\/2 + 25) and coordinates {x2,y2) on the plane containing 
the second copy. The projection from to the Xi?/i-plane will be denoted 
by pri. 

The self-intersections of /° project under pri to the self intersections 
of is- The Xi-coordinates of these points take values in an interval of the 
form [—A, A]. For A > A, let be the horizontal portion of the image 
of is which passes through the origin and whose first coordinates satisfy 
Xi G [—A, A]. To remove the intersections of 7°, we consider the Hamiltonian 
H = x{xi)H{x2,y2) where H is the Hamiltonian from Lemma [4.21 and x is 
a bump-function which equals 1 for |xi| < A and equals for > A. The 
time-1 Hamiltonian flow of H is 

4>H{xi,yi,X2,y2) = {xi,yi + x'{xi)H{x2,y2),(pH''^\x2,y2))- 
Let Ig be the symplectic immersion of S(e) x -B^(l) into B'^{y/2 + 26) x 
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52(V2 + 2S) obtained by applying 0^ to x ^^(l). Clearly, 1} agrees 
with Ig away from iJ^{C^) x -B^(l), and shares none of the original double 
points of I^. The immersion can only have new double points in (pjj{C^ x 
-8^(1)) where and are the portions of corresponding to points 
with xi-values in [A, A] and [—A, —A], respectively. We now show that, for 
an appropriate choice of is and x, 1} '^^^ t)e adjusted on 4>jj{C^ x -B^(l)) so 
that no new double points occur. 

In the a:i?/i-plane, only moves points in and does so only in the yi- 
direction. Moreover, the maximum displacement in this direction is bounded 
from above by 

/ x'(xi) max(if) (ixi 
Jo 

Hence, the image of (j)jj{C^ x 5^(1)) under pri is contained in the set 

C:^ + ([A,A] X [0,max(|x'|)(vr + 5)]), 

and the projection of (pf^iC^ x B'^{\)) is contained in 

CA + ([_A,-A] X [-max(|x'|)(7r + 5),0]). 

Choosing the width of to be sufficiently small, and max(|x'|) sufficiently 
close to we may assume that both 4>jj{C^ x -B^(l)) project to regions in 
the Xi?/i-plane whose area is less than it + 26 and hence less than the area of 
each of the regions A and B. Acting on (i)fy{C^ x -B^(l)) and (i)fj{C^ x -B^(l)) 
by another symplectic diffeomorphism which acts nontrivially only in the 
xi?/i-directions, we may then ensure that they are mapped by pri into A 
and -B, respectively. The resulting symplectic immersion therefore has no 
double points and is the desired embedding of Theorem 11.61 

4.2 The proof of Theorem [TTSl 

Scaling things appropriately, the argument above yields a symplectic embed- 
ding of E(e) X B'^{r) into -B^(a/2) x i?^(\/2) for any r < 1 provided that e 
is sufficiently small. In this section, we show that the previous embedding 
procedure can be refined to obtain a symplectic embedding of S(e) x B'^{r) 
into B^{y/3). This will prove Theorem 11.31 which implies that Theorem 11.11 
is sharp. 



< max{\x'\){TT + 5). 
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Remark 4.4. The bi-disc B^{^/2) x B^{V2) can be symplectically embedded 
into -B'^(2), by inclusion. The second Ekeland-Hofer capacity imphes that 
this is optimal in the sense that i?^(v^) x B'^(\/2) can not be symplectically 
embedded into a smaller ball. 

As in the proof of Theorem 11.61 we start with a symplectic immersion 
J° of S(e) X B^{r) into B^{V2) x B'^{^) which acts by an immersion 
i: S(e) )■ 5^ (a/2) in the first factor, and by inclusion on the second fac- 
tor. The immersion i is chosen so that for some A > we have: 

• the vertical and horizontal crossing portions of the image have length 
equal to 27r/A. 

• the regions A and B have areas in the interval (7rr^,7r) and all but an 
arbitrarily small amount of this area is concentrated within a distance 
A of the horizontal crossing portion, C. 

See Figure 2. 





B 








A 



Figure 2: The symplectic immersion i, from a distance. 

Set A = vr/A, so that = C. Defining x ^^id H as in the proof of 
Theorem II. 6^ we remove the double points of /° by applying the time-1 
flow of -fr to C X B^{r) to obtain a new immersion J^. Choosing A and 
(max(lx'l) — ^yZa) to be sufficiently small, we may assume that the projection 
pri maps (f)fj{C x B'^{r)) to the interior of the following region of the xiyi- 
plane 

C = C+ {([-tt/A, -A] X [-A, 0]) U ([A, tt/A] x [0, A])} . 
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When the width of C is small enough, the area of C is less than 27r. As in 
the proof of Theorem 11.61 we can then apply a suitable symplectic map to 
(j)fj{C X B'^{r)) to shift the relevant parts of its projection into A and B and 
hence obtain a symplectic embedding of S(e) x B'^{r) into B'^{\/2) x B'^(\/2). 

We now refine this embedding procedure by choosing a new immersion of 
S(e). We begin by analyzing the fibers of the projection map pri acting on 
I\^ie) X S2(r)). The points of /^^(e) x B^{r)) not in ^^(C x B^{r)) belong 
to fibres which can all be identified with B'^{r). The points in (f)^{C x B'^{r)) 
belong to fibres of pri determined by the xi-component of their projections. 
That is, the fibres of pri corresponding to a fixed value of Xi can all be 
identified with a fixed subset of B'^{\/2), which we denote by F{xi). For 
l^^il < A, F{xi) is a fixed subset of the interior of B'^{\/2). For A < |a;i| < 
tt/A, each F{xi) is contained in the interior of + xi^i)) (see Lemma 

14. 2p . We can choose the bump function xi^i) so that on [—tt/A, — A]U[A, tt/A] 
it is arbitrarily C'^-close to the function xi i-> 1 — ^^/[Z'x ■ all sufficiently 
small A > we may then assume that F{xi) is contained in the interior of 
-B^(a/2 — |xi|A/7r) for all xi G [— vr/A, vr/A]. By Remark 14.31 the distance 
from F{xi) to the boundary of ^^(a/I + xi^i)) is bounded from below by 
a positive constant which is independent of A and which goes to zero as r 
approaches \/2. For x as above, and A sufficiently small, we may assume the 
same is true of the distance from F{xi) to the boundary of B'^{^^2 — |xi|A/7r). 
In this case we denote the lower bound for this distance by D^. 

We now apply a symplectomorphism w to the xi?/i-plane which winds C 
around itself as sketched in Figure 3. This winding is nearly tight but includes 
small gaps (represented by the thicker lines in Figure 3) to accommodate the 
winding of the rest of 2(S(e)). Since the area of C is less than 27r, for 
sufficiently small e > we may assume that the image of z(S(e)) U C under 
the winding map still lies in the ball -B^(v^)- Replacing the embedding i in 
the previous construction with the composition woi, we get a new symplectic 
embedding 

I^: S(e) X B'^ir) ^ B\V2) x B^{V2). 

We now show that the image of 1^ is contained in B^(\/3). 

Let (zi, Z2) G be any point in the image of J^,. Then zi = w{xi, yi) for 
a unique point (xi,?/i) in i(S(e)) and Z2 belongs to F{xi). Since w(i(S(e)) U 
C) C S2(v^) we have 

1^1 1 < V2. (14) 
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c 




By the analysis of the fibres F{xi) above, we have 

\Z2\ < x/2 - |xi|A/7r - Dr. (15) 
On the other hand it follows from the definition of the winding map w that 



xil +0(A) + 0(eA). (16) 

The first approximation here comes from equating the area of the portion 
of C determined by Xi, 2|xi|A, with 7r|zip. The error terms of f|T6l) corre- 
spond, respectively, to the discrepancy caused by the width of C, and the 
discrepancy caused by the gap in the winding. 
Together, equations (fT5]) and ffTBj) yield 

{\Z2\ + Drf + ^(kil - 0(A) - 0{e\)f < 2 (17) 

The fact that Dj. is positive and independent of A, for sufficiently small A > 0, 
implies that 

\z2? + \\zi\''<2. (18) 
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Together, inequalities (HM and (fT8l) then yield 

kir+k2r<3, (19) 

as desired. 



References 

[1] F. Bourgeois, A Morse-Bott approach to contact homology. Sym- 
plectic and contact topology: interactions and perspectives (Toronto, 
ON/Montreal, QC, 2001), 55-77, Fields Inst. Commun., 35, Amer. 
Math. Soc, Providence, RI, 2003. 

[2] F. Bourgeois, Y. Eliashberg, H. Hofer, K. Wysocki, and E. Zehnder, 
Compactness results in symplectic field theory, Geom. TopoL, 7 (2003), 
799-888. 

[3] D. Dragnev, Fredholm theory and transversality for noncompact pseu- 
doholomorphic maps in symplectizations. Comm. Pure Appl. Math., 57 
(2004), 726-763. 

[4] 1. Ekeland and H. Hofer, Symplectic topology and Hamiltonian dynamics 
11, Math. Z., 203 (1990), 553-567. 

[5] Y. Eliashberg, A. Givental and H. Hofer, Introduction to symplectic 
field theory, GAFA 2000 (Tel Aviv, 1999), Ceom. Funct. Anal, 2000, 
Special Volume, Part 11, 560-673. 

[6] M. Gromov, Pseudo-holomorphic curves in symplectic manifolds, Inv. 
Math., 82 (1985), 307-347. 

[7] L. Guth, Symplectic embeddings of polydisks, Inv. Math, 172 (2008), 
477-489. 

[8] J. Harris and 1. Morrison, Moduli of Curves, Springer 1998. 

[9] R. Hind, Hamiltonian displacement of bidisks inside cylinders, preprint. 

[10] H. Hofer, K. Wysocki and E. Zehnder, A characterisation of the tight 
three-sphere, Duke Math. J., 81 (1995), 159-226. 



REFERENCES 



53 



[11] H. Hofer, K. Wysocki and E. Zehnder, Properties of pseudoholomorphic 
curves in symplectisations I: Asymptotics, Ann. Inst. H. Poincare Anal. 
Non Lineazre, 13 (1996) , 337-379. 

[12] H. Hofer, K. Wysocki and E. Zehnder, Properties of pseudoholomor- 
phic curves in symplectisations II: Embedding controls and algebraic 
invariants, Geom. Fund. Anal, 5 (1995), 337-379. 

[13] H. Hofer, K. Wysocki and E. Zehnder, Properties of pseudoholomor- 
phic curves in symplectisations HI: Fredholm theory. Topics in nonlin- 
ear analysis, 381-475, Prog. Nonlinear Differential Equations Appl., 35, 
Birkhauser, Basel, 1999. 

[14] M. Hutchings, An index inequality for embedded pseudoholomorphic 
curves in symplectizations, J. Eur. Math. Soc. (JEMS), 4 (2002), no. 4, 
313-361. 

[15] M. Hutchings, The embedded contact homology index revisited. New 
perspectives and challenges in symplectic field theory, 263-297, CRM 
Proc. Lecture Notes, 49, Amer. Math. Soc, Providence, RI, 2009. 

[16] D. McDuff and D. Salamon, J-holomorphic curves and symplectic 
topology. American Mathematical Society Colloquium Publications, 52. 
American Mathematical Society, Providence, RI, 2004. 

[17] J. Robbin and D. Salamon, The Maslov index for paths. Topology, 32 
(1993), 827-844. 

[18] F. Schlenk, Embedding problems in symplectic geometry De Gruyter 
Expositions in Mathematics 40. Walter de Gruyter Verlag, Berlin. 2005. 

[19] V. Shevchishin, Pseudoholomorphic curves and the symplectic isotopy 
problem, preprint |math.SG/0010262| 

[20] L. Traynor, Symplectic packing constructions, J. Diff. Geom., 42 (1995), 
411-429. 

[21] C. Wendl, Automatic transversality and orbifolds of punctured holo- 
morphic curves in dimension four, to appear in Gomment. Math. Helv., 
preprint lar2£iv:0802.3842', 



